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AMENABILITY AND APPROXIMATION PROPERTIES FOR
PARTIAL ACTIONS AND FELL BUNDLES
FERNANDO ABADIE, ALCIDES BUSS, AND DAMIÁN FERRARO
Abstract. Building on previous papers by Anantharaman-Delaroche we in-
troduce and study the notion of AD-amenability for partial actions and Fell
bundles over discrete groups. If the Fell bundle is AD-amenable, the full and re-
duced crossed products coincide. We prove that the cross-sectional C*-algebra
of the Fell bundle is nuclear if and only if the underlying unit fibre is nuclear
and the Fell bundle is AD-amenable. If a partial action is globalisable, then it
is AD-amenable if and only if its globalisation is AD-amenable. Moreover, we
prove that AD-amenabity is invariant under (weak) equivalence of Fell bundles
and show that AD-amenabity is equivalent to a weak form of the approxima-
tion property introduced by Exel. For Fell bundles whose unit fibre is (Morita
equivalent to) a commutative C*-algebra we prove that AD-amenability is
equivalent to the approximation property.
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1. Introduction
In her seminal paper [10] Anantharaman-Delaroche introduced a notion of amenabil-
ity (that we here call AD-amenability) for actions of discrete groups on C*-algebras.
Her definition is based on previous papers [7, 8] where she studies amenability for
group actions on W*-algebras (i.e von Neumann algebras). More precisely, an ac-
tion γ of a discrete group G on a W*-algebra N is said to be amenable in the sense
of Anantharaman-Delaroche (or just W*AD-amenable for short) if there exists a G-
equivariant conditional expectation P : ℓ∞(G,N)։ N with respect to the diagonal
G-action γ˜ on ℓ∞(G,N) = ℓ∞(G)⊗¯N where G acts on ℓ∞(G) by (left) translations;
the map P should be interpreted as a G-invariant mean for the action. An action
α of G on a C∗-algebra A is then said to be AD-amenable if the induced action α′′
on the enveloping (bidual) W*-algebra A′′ is W*AD-amenable.
One of the main results in [10] (namely Theorem 3.3) shows that an invariant
mean P : ℓ∞(G,N)→ N can be always approximated with respect to the pointwise
weak* (i.e. ultraweak) topology by using certain nets of functions from G to Z(N).
One precise form of such approximation that will be specially important to us in
this paper is given by a net of functions of finite support {ai : G→ Z(N)}i∈I which
is bounded when viewed as a net of the Hilbert N -module ℓ2(G,N) and satisfies
(1.1) 〈ai | γ˜g(ai)〉2 =
∑
h∈G
ai(h)
∗γg(ai(g−1h))→ 1
with respect to the weak*-topology for all g ∈ G. This condition indeed charac-
terises amenability and shows, among other things, that γ is W*AD-amenable if and
only if so is its restriction to the centre Z(N). Moreover, W*AD-amenability be-
haves well with respect to injectivity of W*-algebras and nuclearity of C*-algebras:
if N is injective then γ is W*AD-amenable if and only if the W*-crossed product
N⋊¯γG is injective. And similarly, if A is a nuclear C*-algebra, then the (reduced)
C*-crossed product A⋊α,r G is nuclear if and only if α is AD-amenable.
Notice that the AD-amenability of an action on a C*-algebra A requires (and
is equivalent to) the existence of a net as above with values in Z(A′′). While this
is a huge commutative algebra in general, finding explicitly such an approximate
invariant mean might be a very difficult task – if not impossible. Hoping for more
concrete realisations of such approximate means one might wonder whether it is
not always possible to find a net with values in Z(A) or at least in ZM(A) (the
central multiplier algebra). This is indeed possible for commutative A (by [10, The-
orem 4.9]) and hence more generally for A admitting (nondegenerate)G-equivariant
∗-homomorphism C0(X)→ ZM(A) for some amenable G-space X . Unfortunately
this is not possible in general: striking recent results by Suzuki in [33] show that
every exact group admits an AD-amenable action on a unital simple nuclear C*-
algebra A (and one can even choose such algebra for which the crossed product is
in the same class). For such an A we have Z(A) = ZM(A) = C · 1 so that the
existence of an approximate mean as above with values in Z(A) forces G to be
amenable. On the other hand, dropping the commutativity completely and asking
only for a net {ai}i∈I ⊂ ℓ2(G,N) satisfying (1.1) is also not a good idea because
then one adds undesirable actions. For instance the adjoint action γ = Adλ of the
left regular representation on N = L(ℓ2G) = K(ℓ2G)′′ has this weaker property
because ℓ∞(G) →֒ L(ℓ2G) equivariantly. But this action is AD-amenable only if G
is amenable.
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Fortunately there is an alternative out of this: we only need to change (1.1)
slightly, requiring instead the existence of a bounded net of finitely supported func-
tions {ai}i∈I ⊂ ℓ2(G,N) satisfying
(1.2) 〈ai |bγ˜g(ai)〉2 =
∑
h∈G
ai(h)
∗bγg(ai(g−1h))→ b
for the weak*-topology for all g ∈ G and b ∈ N . It turns out that this is equivalent
to the W*AD-amenability of γ (and hence to the existence of a central net satisfy-
ing (1.1)). Moreover, we prove that if A is a weak*-denseG-invariant C*-subalgebra
of N , then the above condition (hence the W*AD-amenability of N) is equivalent
to the existence of a bounded net of finitely supported functions {ai}i∈I ⊂ ℓ2(G,A)
satisfying (1.2). In particular an action α on a C*-algebra A is AD-amenable if
and only if there exists a bounded net {ai}i∈I ⊂ ℓ2(G,A) of functions with finite
supports satisfying
(1.3) 〈ai |bα˜g(ai)〉2 =
∑
h∈G
ai(h)
∗bαg(ai(g−1h))→ b
with respect to the weak topology on A for all g ∈ G and b ∈ A. This now brings
us to a close connection with the approximation property (AP) as defined by Exel
in [22] for Fell bundles over discrete groups. If Bα = A × G is the semidirect-
product Fell bundle over G associated with α, then the AP for Bα is equivalent to
the existence of a bounded net of finitely supported functions {ai}i∈I ⊂ ℓ2(G,A)
satisfying exactly the same condition (1.3) except that the weak convergence is
replaced by the convergence with respect to the norm on A. In particular the AP
of an action (in the sense that its associated Fell bundle has the AP) always implies
its AD-amenability. It seems that this simple fact has not been recognised before
except for the case of actions on nuclear C∗-algebras, where ones uses the fact that
the AP implies nuclearity of the crossed product and that this is equivalent to
AD-amenability, see for instance [26, Corollary 4.5].
Since the AP makes sense for general Fell bundles (in particular for partial
actions) and since it is so close to the AD-amenability of actions, it is a natural
task trying to extend the notion of AD-amenability also to Fell bundles. This is
one of our main goals in this paper. It is indeed not difficult to give a possible
definition of AD-amenability for a general Fell bundle B. One can use for instance
the C*-algebra of kernels k(B) of B. This carries a canonical global action whose
associated Fell bundle is (weakly) equivalent to B, see [5]. One can then say that
B is AD-amenable if the action on k(B) is AD-amenable.
Of course, in practice one does not want to go to an equivalent Fell bundle
in order to check its AD-amenability. In order to have a direct description of
AD-amenability for Fell bundles we proceed as in the case of ordinary actions
‘transporting’ everything to a von Neumann algebraic context. For this we introduce
the notion of W*-Fell bundles and prove that every Fell bundle B has an enveloping
W*-Fell bundle B′′; indeed, the fibres B′′t of B′′ are just the bidual Banach spaces
of the original fibres Bt of B. We then define a W*-version of the approximation
property of Exel: we say that a W*-Fell bundle M = (Mt)t∈G has the W*AP if
there is a bounded net {ai}i∈I ⊂ ℓ2(G,Me) of finitely supported functions satisfying
an approximation condition very similar (1.3); it is indeed the same condition as
in the original definition of Exel in [22] except that we replace the convergence in
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norm by the weak*-convergence, see our Definition 6.3 for details. We then say
that a (C*-algebraic) Fell bundle B has the WAP if B′′ has the W*AP.
Our main results show that all these notions behave nicely and have the expected
properties. We prove that the W*AP ofM is equivalent to its W*AD-amenability
in the sense that the canonical action on its W*-algebra of kernels kw∗(M) (a cer-
tain W*-completion of its C*-algebra of kernels) is W*AD-amenable. Moreover,
we prove that the WAP of a Fell bundle B is equivalent to a weak form of Exel’s
approximation property – the only difference, again, is with respect to the conver-
gence: for the WAP we have weak convergence while for the AP we have norm
convergence. This weak form of the AP is still enough to prove some of the main
desirable properties: for instance, we prove the coincidence of full and reduced
cross-sectional C*-algebras C∗(B) = C∗r (B) whenever B has the WAP.
The advantage of the WAP is that it corresponds exactly to nuclearity of cross-
sectional C*-algebras for Fell bundles with nuclear unit fibre: we prove that C∗r (B)
is nuclear if and only if Be is nuclear and B has the WAP. This equivalence is unclear
for the AP of Exel. Indeed, we know that the AP always implies the WAP but the
converse is not clear in general. In particular it is unclear whether the nuclearity
of C∗r (B) implies the AP of B. This is an open question already raised by Exel.
Our methods and results can be viewed as a partial answer to this question. The
only remaining question is then to see whether the weak convergence appearing
in the WAP can be always replaced by norm convergence, hence showing that the
WAP and the AP are equivalent. We prove that this is indeed true for a huge class
of Fell bundles, namely all Fell bundles whose unit fibres are C*-algebras Morita
equivalent to a commutative C*-algebra. In particular this applies to the important
case of partial actions on commutative C*-algebras and shows that a partial crossed
product C0(X)⋊r G is nuclear if and only if the underlying partial action has the
AP.
The structure of the paper is organised as follows. In Section 2 we introduce
and study the notion of partial actions of groups on W*-algebras. It seems this has
not been studied before, but it will be important to us here as it opens a canonical
general link between the C*- and W*-theory of partial actions. In particular we
show that every partial action α on a C*-algebraA extends to a canonical enveloping
W*-partial action α′′ on A′′. One of the main results of this section states that
every W*-partial action admits an enveloping W*-global action. This in particular
allows us to canonically extend Anantharaman-Delaroche’s notion of amenability
to partial actions on C*- and W*-algebras. This is done in Section 3. We give
some basic examples and prove that amenability in this sense behaves well with
respect to taking restrictions and enveloping actions. In Section 4 we prove that
AD-amenability is invariant under equivalences of partial actions, both for C*- and
W*-algebras.
In Section 5 we start to extend the theory of AD-amenability to Fell bundles. We
introduce the notion of W*-Fell bundles and prove that every Fell bundle admits a
canonical enveloping W*-Fell bundle. We also introduce the W*-algebra of kernels
in this section. This algebra always carries a global W*-action and allows us to
extend AD-amenability to W*-Fell bundles and hence also to C*-algebraic Fell
bundles by taking W*-envelopings.
In Section 6 we study Exel’s approximation property and translate it to the
context of W*-Fell bundles. We prove that this new notion, the W*AP, gives an
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alternative description of the W*AD-amenability. We also define the WAP for
C*-algebraic Fell bundles and give alternative characterisations, proving that it is
equivalent to AD-amenability and to a weak form of Exel’s AP. Moreover, in the
final part of Section 6 we show that the WAP behaves well with respect to (weak)
equivalences of Fell bundles. In Section 7 we give some elementary properties for
AD-amenability and the approximation property. In particular we prove that the
WAP is enough to conclude C∗(B) = C∗r (B) and that nuclearity of this algebra is
equivalent to the WAP in case Be is already nuclear. We also prove an analogous
property for W*-Fell bundles using injectivity in place of nuclearity.
Finally, we add an appendix at the end of the paper where we review some basic
theory of Hilbert W*-modules and W*-equivalences. This makes the paper more
self-contained – with the disadvantage of making it longer – and probably easier
to follow to people not used to these aspects of von Neumann algebra theory. In
principle all the stuff added in our appendix is already known, at least to specialists
from the W*-community. But it is probably not very common to people working
with C*-algebras and it is certainly not easy to grasp all things we need from the
literature.
We shall only consider discrete groups in this paper although probably many of
the things we do here also extend to locally compact groups. The approximation
property of Fell bundles has been extended to locally compact groups by Exel
and Ng in [26]. The notions of equivalences of Fell bundles are also available to
locally compact groups [5,6]. On the other hand, the theory of amenable actions of
locally compact groups on C*-algebras has not been touched yet. Anantharaman-
Delaroche only defines it for discrete groups in [10] although she actually considers
locally compact groups when acting on von Neumann algebras [7, 8].
2. Partial actions on von Neumann algebras
A lot is already known about partial actions of groups on C∗-algebras but it
seems that partial actions on W ∗-algebras (i.e. von Neumann algebras) have never
been studied. Probably the main reason is that every W ∗-algebra is unital, so that
every partial action in this setting automatically has an enveloping action, that is,
they are always restrictions of a global action on aW ∗-algebra (see Proposition 2.7).
This means that W ∗-partial actions are not as interesting as their C∗-companions.
However, starting with a partial action α on a C∗-algebra A, its bidual A′′ von
Neumann algebra carries a natural partial action α′′ that will serve as one of our
main tools in this paper. This is the reason why we develop the basic theory of
partial actions on von Neumann algebras here.
We start by recalling some basic facts about partial actions.
Definition 2.1. A partial action of a group G on a set X is a family of functions
σ = {σt : Xt−1 → Xt}t∈G such that:
(i) For every t ∈ G, Xt is a subset of X .
(ii) Xe = X and αe is the identity of X .
(iii) Given s, t ∈ G and x ∈ Xt−1 such that σt(x) ∈ Xs−1 , it follows that x ∈ X(st)−1
and σst(x) = σs(σt(x)).
An action is just a partial action σ such that Xt = X for every t ∈ G. In this
case we also say that σ is a global action.
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Given two partial actions σ and τ of G on sets X and Y respectively, a morphism
f : σ → τ is a function f : X → Y such that f(Xt) ⊆ Yt and f(σt(x)) = τt(f(x))
for all t ∈ G and x ∈ Xt−1 . The composition of morphisms is just the composition
of functions.
The restriction of σ to a subset Y ⊆ X is σ|Y := {σ|Y,t : Yt−1 → Yt}, where
Yt := Y ∩ σt(Xt−1 ∩ Y ) and σ|Y,t(y) = σt(y). It follows that σ|Y is a partial action
of G on the set Y and, if Z ⊆ Y , then σ|Y |Z = σ|Z .
In this article we work with discrete groups exclusively, so here “group” actually
means “discrete group”.
Definition 2.2. A W ∗-partial action of a group G on a W ∗-algebra M is a set
theoretic partial action of G on M , γ := {γt : Mt−1 → Mt}t∈G, where each Mt is
a W ∗-ideal of M (possibly {0}) and each γt is a W ∗-isomorphism. A morphism of
W ∗-partial actions is just a morphism of set theoretic partial actions which is also
a morphism of W ∗-algebras (a w∗-continuous morphism of *-algebras).
Here we always view W ∗-algebras as Banach space duals, M ∼= (M∗)′, endowed
with the w∗-topology. AW ∗-ideal is then just a ∗-ideal ofM that is closed for the w∗-
topology. And aW ∗-isomorphism between twoW ∗-algebras is a ∗-isomorphism that
is w∗-continuous. Actually, every ∗-isomorphism between W ∗-algebras is normal
(preserves suprema of increasing bounded nets) and it is therefore automatically a
W ∗-isomorphism, see [12, Proposition III.2.2.2].
Example 2.3 (Restriction of global actions). Given an ordinary (global)W ∗-action γ
of G on aW ∗-algebra N and aW ∗-idealMEN , the restriction γ|M is aW ∗-partial
action. More generally, the restriction of a W ∗-partial action to a W ∗-ideal is again
a W ∗-partial action.
Example 2.4 (Bidual partial actions). Given a C∗-partial action α = {αt : At−1 →
At}t∈G of G on a C∗-algebra A, the double dual (enveloping) W ∗-algebra A′′ of
A carries a canonical W ∗-partial action α′′ := {α′′t : A′′t−1 → A′′t }t∈G which is the
unique W ∗-partial action such that α′′|A = α. Here we view the bidual algebra A′′t
as a W ∗-ideal of A′′ and α′′t as the unique w
∗-continuous extension of αt.
One of our goals is to show that every W ∗-partial action is (isomorphic to) a
restriction of a globalW ∗-action as in Example 2.3, that is, everyW ∗-partial action
will automatically have an enveloping action. One may think that this is trivial
since every von Neumann algebra has a unit, so that all the ideals of a partial
action are unital (possibly zero). It is well known from the C∗-algebra theory of
partial actions that in this situation the partial action has an enveloping action
in the C∗-algebra category (see for instance [27]). However the following example
shows that the C∗-enveloping action might be not a W ∗-algebra.
Example 2.5. Consider the “trivial” partial action of G on the W ∗-algebra M := C
in which all the ideals are zero except for Me := M . This can also be viewed as
the restriction of the global action of G by (left) translations on the C∗-algebra
C0(G) to the ideal C ∼= Cδe ⊆ C0(G). Moreover, since the linear orbit of this
ideal is dense in the entire algebra C0(G), this action is (up to isomorphism) the
enveloping action of the original partial action on C. But if G is infinite, C0(G) is
not a W ∗-algebra. On the other hand, we may also view C ∼= Cδe as a W ∗-ideal of
the W ∗-algebra ℓ∞(G). And since the linear orbit of this ideal is w∗-dense, this is
a W ∗-enveloping action in the following sense.
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Definition 2.6. A W ∗-enveloping action of a W ∗-partial action γ of a group G on
a W ∗-algebra M is a W ∗-global action σ of G on a W ∗-algebra N together with a
W ∗-ideal M˜ of N and an isomorphism of W ∗-partial actions ι : γ → σ|M˜ , such that
the linear σ-orbit of M˜ is w∗-dense in N . We summarise this situation by saying
that (N, σ) is a W ∗-enveloping action of (M,γ).
The reader should not confuse the W ∗-enveloping actions we defined above with
the enveloping actions or the Morita enveloping actions defined in [2].
Proposition 2.7. Every W ∗-partial action γ of G on a W ∗-algebra M has a
W ∗-enveloping action that is unique up to isomorphism.
Proof. We define ι : M → ℓ∞(G,M) by ι(x)(t) := γt−1(x · 1t), where 1t denotes
the unit of the W ∗-algebra Mt (1t = 0 if Mt = {0}). This unit is a central
projection of M because Mt is a W
∗-ideal of M . The map ι is an injective w∗-
continuous ∗-homomorphism whose image consists of functions f ∈ ℓ∞(G,M) with
f(t) = γt−1(f(e)1t). The image M˜ := ι(M) is a w
∗-closed W ∗-subalgebra of
ℓ∞(G,M) which is therefore isomorphic to M via ι. We now endow ℓ∞(G,M)
with the G-action τ by left translations: τt(f)(s) := f(t
−1s). This is a W ∗-global
action and ι : γ → τ is a morphism. Let N be the w∗-closure of the linear τ -orbit
of M˜ , that is, the w∗-closure of span{τt(f) : f ∈ M˜, t ∈ G}. Moreover, N is
τ -invariant, so that τ restricts to a W ∗-global action σ of G on N and this is the
desired W ∗-enveloping action of (M,γ), as we now show.
It is important to note that it follows from Definition 2.1 that γt(1t−11s) = 1t1ts
for all s, t ∈ G, because 1t−11s and 1t1ts are the units of Mt−1 ∩Ms =Mt−1Ms and
Mt−1 ∩Ms = Mt−1Ms, respectively. This implies ι : γ → σ is a morphism because,
for all s, t ∈ G and x ∈Mt:
τt(ι(x))(s) = γs−1t(x1t−1s) = γs−1(γt(x1t−11t−1s)) = γs−1(γt(x)1s) = ι(γt(x))(s).
In order to prove that M˜ is a W ∗-ideal of N and that ι : γ → σ|M˜ is an isomor-
phism it suffices to show that τt(M˜) ∩ M˜ = ι(Mt), for all t ∈ G. For all x, y ∈M :
[τt(ι(a))ι(b)](s) = γs−1t(a1t−1s)γs−1(b1s) = γs−1t(a1t−1s)1s−1t1s−1γs−1(b1s)
= γs−1t(a1t−1s)γs−1t(1t−1s1t)γs−1(b1s)
= γs−1t(a1t−1s1t−1)γs−1(b1s) = γs−1(γt(a1t−1)b1s−1)
= ι(γt(a1t−1)b)(s).
We then conclude that τt(M˜) ∩ M˜ = τt(M˜)M˜ ⊂ ι(Mt) ⊂ τt(M˜) ∩ M˜, where the
last inclusion follows from the fact that ι : γ → σ is a morphism. At this point we
know (N, σ) is a W ∗-enveloping action for (M,γ).
For uniqueness, assume that M is a W ∗-ideal of a W ∗-algebra N˜ carrying a
W ∗-global action σ˜ whose restriction to M is γ and such that the linear σ˜-orbit
of M is w∗-dense in N˜ (for simplicity, we omit the inclusion map M →֒ N˜ here,
that is, we already assume M ⊆ N˜). Then we extend ι to ι˜ : N˜ → ℓ∞(G,M) by
ι˜(x)(t) := σ˜t−1(x)1e. First we show that ι˜ is in fact an extension of ι. For x ∈M :
ι˜(x)(t) = σ˜t−1(x)1e = σ˜t−1(x)1t−1 = σ˜t−1(x1t) = σt−1(x1t) = ι(x)(t)
because σ˜t−1(x)1e ∈ σ˜t−1(M)M = M1t. A similar computation shows that ι˜ is
equivariant. Observe that ι˜ is injective (hence isometric) because, if ι˜(x) = 0, then
xσ˜t(1e) = 0 for all t ∈ G. This is equivalent to xy = 0 for all y in the linear σ˜-orbit
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of M , which is w∗-dense in N˜ by assumption. Since ι˜ is an isometry and it is w∗-
continuous in {x ∈ N˜ : ‖x‖ ≤ 1}, its range is w∗-closed (hence a W ∗-subalgebra)
and it is a W ∗-isomorphism over its image. Finally, ι˜(N˜) is the w∗-closure of the
linear span of ι˜(M) = ι(M). Thus ι˜(N˜) = N and σ˜ is isomorphic, as a W ∗-partial
action, to σ. 
Proposition 2.8. Let γ = {γt : Mt−1 → Mt}t∈G be a W ∗-partial action of G on
a W ∗-algebra M and let (N, σ) be its enveloping W ∗-action. Then the restriction
γ|Z(M) = {γt : Z(Mt−1) → Z(Mt)} of γ to Z(M) is a W ∗-partial action whose
enveloping W ∗-action is the restriction of σ to Z(N).
Proof. First notice that Z(Mt) is indeed aW
∗-ideal of Z(M). In fact, ifMt = 1tM ,
where 1t ∈ Z(M) is the central projection of M representing the unit of Mt, then
Z(Mt) = 1tZ(M). It is then clear that the restriction of γ to Z(M) defines a
W ∗-partial action. For the same reason, viewing M as a W ∗-ideal of N , M is then
the ideal generated by the central projection p = 1e, and then Z(M) = pZ(N) is
the W ∗-ideal of Z(N) generated by the same projection. The restriction σ|Z(N)
is clearly σ|Z(N)|Z(M) = σ|Z(M) = σ|M |Z(M) = γ|Z(M). To see that σ|Z(N) is the
enveloping action of γ|Z(M) it remains to show that the linear σ-orbit of Z(M) is
w∗-dense in Z(N). For each finite subset F ⊆ G, we define MF :=
∑
t∈F σt(M).
This is aW ∗-ideal of N (being a finite sum of such) and the union of all these ideals
is the linear σ-orbit ofM , so it is w∗-dense in N since (N, σ) is the enveloping action
of (M,γ). On the other hand the linear σ-orbit of Z(M) is the w∗-closure P of the
ideal ∪FZ(M)F , where Z(M)F =
∑
t∈F σt(Z(M)). Note that P is a W
∗-ideal of
Z(N). To see that P = Z(N) it is enough to show that the unit of N is contained
in P . For this notice that the unit 1F of MF is a (finite) linear combination of 1t,
and this is also the unit of Z(M)F . The net (1F )F is increasing and bounded and
its w∗-limit is the unit of N because ∪FMF is w∗-dense in N . However this limit
is also the unit of P . 
Remark 2.9. If (N, σ) is a W ∗-enveloping action of (M,γ), then N is abelian if and
only if M is abelian. Indeed, clearly M is abelian if N is. For the converse observe
that, by the proof of the Proposition 2.7, N is isomorphic to a W ∗-subalgebra of
the abelian algebra ℓ∞(G,M).
Another property that is preserved by taking enveloping actions is injectivity in
the sense that if N is theW ∗-enveloping action ofM , thenM is injective if and only
if N is injective. Indeed, since injectivity passes to ideals, the reverse direction is
clear. For the converse one uses that injectivity passes to (finite) sums and directed
unions of ideals and the description of N as the w∗-closure of ∪FMF as in the proof
of the previous proposition.
3. Amenability of partial actions
First let us recall the notion of amenability for (global) actions of groups on
C∗-algebras andW ∗-algebras introduced by Anantharaman-Delaroche, see [7,8,10].
Definition 3.1. A (global) action of a groupG on aW ∗-algebraM is Anantharaman-
Delaroche amenable (or just W*AD-amenable for short) if there exists a linear
positive contractive and G-equivariant map P : ℓ∞(G,M) ։ M whose composi-
tion with the canonical embedding (by constant functions) M →֒ ℓ∞(G,M) is the
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identity map M → M . Here ℓ∞(G,M) is endowed with the diagonal G-action:
γ˜t(f)(r) = γt(f(t
−1r)), where γ denotes the G-action on M .
An action α of G on a C∗-algebra A is AD-amenable if the corresponding double
dual W ∗-action α′′ on A′′ is W*AD-amenable.
Let us recall some basic examples of amenable actions.
Example 3.2. The translation G-action on itself, viewed as a G-action on the C∗-al-
gebra C0(G), is always AD-amenable (this action is even proper). By definition, this
means that the translation action on C0(G)
′′ ∼= ℓ∞(G) is always W*AD-amenable
as a W ∗-action. However the translation action on ℓ∞(G) is AD-amenable as a
C∗-action if and only if G is exact, see [14, Theorem 5.1.7].
More generally, if M is a G-W ∗-algebra, the G-W ∗-algebra ℓ∞(G,M) endowed
with the diagonal G-action is always W*AD-amenable because we have a canonical
G-equivariant unital embedding ℓ∞(G) →֒ Zℓ∞(G,M) = ℓ∞(G,Z(M)) (see [8,
Corollary 3.8]). As before, here ℓ∞(G) carries the translation G-action.
Before we proceed, let us highlight some of the most important characterisations
of AD-amenability obtained by Anantharaman-Delaroche in her papers [7, 8, 10].
Theorem 3.3 (Anantharaman-Delaroche). The following are equivalent for a global
action γ of a group G on a W ∗-algebra M :
(i) γ is W*AD-amenable;
(ii) the restriction of γ to the center Z(M) is W*AD-amenable, that is, there is
a G-equivariant norm-one projection ℓ∞(G,Z(M))։ Z(M);
(iii) there is a net {ai : G → Z(M)}i∈I of finitely supported functions with 〈ai |
ai〉2 :=
∑
g∈G ai(g)
∗ai(g) ≤ 1 for all i and 〈ai | γ˜g(ai)〉2 → 1 ultraweakly for
all g ∈ G.
Moreover, if M is injective as a W ∗-algebra, then the above are also equivalent to
(iv) the W ∗-crossed product M⋊¯G is an injective W ∗-algebra.
If α is an AD-amenable action of G on a C∗-algebra A, then the full and reduced
C∗-crossed products coincide, that is, A⋊αG = A⋊α,rG. And if A is nuclear, then
α is AD-amenable if and only if A⋊α,r G is a nuclear C
∗-algebra.
Let us also remark that for an action on a commutative C∗-algebra A = C0(X),
its AD-amenability is equivalent to amenability of the associated transformation
groupoid X ⋊ G in the sense of Anantharaman-Delaroche and Renault, see [11].
Moreover, the AD-amenability in this case is equivalent to the existence of a net
{ai : G→ Z(A) = A}i∈I with the same properties as in (iii) above, except that the
ultraweak convergence in (iii) can be strengthened to the convergence with respect
to the strict topology on A ⊆M(A) (the multiplier algebra), see [10, Théoréme 4.9].
This cannot be expected – and indeed it is not true – for noncommutative algebras
because simple unital C∗-algebras can carry AD-amenable actions of non-amenable
groups, see Remark 3.6.
We are now ready to introduce the notion of amenability for partial actions on
C∗-algebras and W ∗-algebras:
Definition 3.4. We say that a partial action of a group G on a W ∗-algebra M
is W*AD-amenable if its enveloping W ∗-action (provided by Proposition 2.7) is
W*AD-amenable.
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We say that a partial action of G on a C∗-algebra A is AD-amenable if the
induced W ∗-partial action on A′′ is W*AD-amenable.
Of course, a global action is AD-amenable if and only if it is AD-amenable as a
partial action. Before we give some proper examples of amenable partial actions,
we observe the following general fact:
Proposition 3.5. A W ∗-partial action (M,γ) is W*AD-amenable if and only if
its restriction to the center Z(M) is W*AD-amenable.
Proof. This follows directly from the definition, Proposition 2.8 and Theorem 3.3.

Remark 3.6. The above result does not hold for partial actions on C∗-algebras, not
even for global actions. Indeed, the results of Suzuki in [33] show that every exact
group admits an AD-amenable action on a unital simple (and nuclear) C∗-algebra.
Such an algebra has trivial center and a trivial global action can only be AD-
amenable if the group is amenable.
Example 3.7. The “trivial” partial action of G on A = C appearing in Example 2.5
is AD-amenable, both in C∗- and W ∗-sense. This is because A = A′′ has as its
enveloping W ∗-action the global translation G-action on ℓ∞(G) as explained in
Example 2.5, and this W ∗-action is W*AD-amenable. In the same way, we can
consider the partial action on a W ∗-algebra M as in Example 2.5 with all domain
ideals Mg = 0 except for Me = M . This partial action is always W*AD-amenable
because its enveloping W ∗-action is the translation action on ℓ∞(G,M), which is
W ∗-amenable by Example 3.2. For the same reason, any C∗-algebra A endowed
with the “trivial” partial action (in which all the domain ideals are Ag = 0 except
for Ae = A) is always AD-amenable because then A
′′ carries the “trivial” partial
G-action which is W*AD-amenable.
Example 3.8. More generally, the following holds: take an amenable subgroup H ⊆
G acting (globally) on a C∗-algebra A (or on a W ∗-algebra M) and “extend” this
to a partial G-action on A “by zero” in the sense that Ah = A for h ∈ H , Ag = 0
for g ∈ G\H and αg : Ag−1 → Ag acts via the original H-action for g ∈ H and by
zero otherwise. This partial action (which is global only if H = G) is always AD-
amenable. Indeed, the canonical action of G on ℓ∞(G/H), νt(f)(sH) = f(t−1sH),
plays an important role here. ThisW ∗-action is W*AD-amenable if (and only if) H
is amenable. Indeed, ℓ∞(G/H) = C0(G/H)′′ and the crossed product C0(G/H)⋊r
G is Morita equivalent to C∗r (H) by Green’s imprimitivity theorem.
To see that the partial action of G defined above is AD-amenable, it is enough
to consider the von Neumann algebraic situation. For this, let us write γ for the
action of H on a W ∗-algebra M and name γ¯ its extension to G.
To prove amenability of this partial G-action, we give an explicit description of
its W ∗-enveloping action. Consider the W ∗-subalgebra of ℓ∞(G,M)
N := {f ∈ ℓ∞(G,M) : f(s) = γs−1t(f(t)) if sH = tH}.
This subalgebra is invariant under the action τ ofG on ℓ∞(G,M) given by τt(f)(s) =
f(t−1s). We name δ the restriction of τ to N . In order to view M as a W ∗-ideal of
N in such a way that δ is theW ∗-globalisation of γ¯, we consider the map ι : M → N
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given by
ι(a)(s) =
{
γs−1(a) if s ∈ H
0 if s /∈ H.
Note that in case M = C, we have N = ℓ∞(G/H) and τ = ν. In any case, we
may view ℓ∞(G/H) as a unital δ-invariant subalgebra of Z(N) by considering the
inclusion κ : ℓ∞(G/H) → N , κ(f)(t) = f(tH). Moreover, the restriction of δ to
ℓ∞(G/H) is ν, from which it follows that δ is W*AD-amenable, hence so is γ¯.
Example 3.9. If (M,γ) is an AD-amenable partial W ∗-action of G and H ⊆ G
is any subgroup, then the restriction of the partial G-action on M to H , namely,
γ|H = {γh : Mh−1 → Mh}h∈H is also AD-amenable. A similar assertion holds
for C∗-partial actions. Indeed, it is clearly enough to check this for W ∗-partial
actions. This is known to hold for global W ∗-actions (it follows trivially from
(iii) in Theorem 3.3). Now for a general W ∗-partial action (M,γ) of G, take its
globalisation W ∗-action (N, σ). For simplicity we identify M as a W ∗-ideal of N .
Let H ·M =∑t∈H σt(M) be the H-linear orbit of M in N . Notice that this is an
ideal ofN and its w∗-closureNH := H ·Mw
∗
is anH-invariantW ∗-ideal ofN which
can be viewed as an H-globalisation of γ|H . If (M,γ) is W*AD-amenable, then by
definition (N, σ) is W*AD-amenable, and then so is (N, σ|H) and hence also every
H-invariant W ∗-ideal, like (NH , σ|H). Therefore (M,γ|H) is W*AD-amenable.
Next we look at restrictions of partial actions to ideals and prove that amenability
behaves nicely also in this direction.
Proposition 3.10. The restriction of a W*AD-amenable W ∗-partial action of a
group to a W ∗-ideal is again W*AD-amenable. Moreover, the analogous statement
holds for AD-amenability on C*-algebras, that is, AD-amenability is also preserved
by restrictions.
Proof. First we deal with W ∗-partial actions. Let γ be a W*AD-amenableW ∗-par-
tial action of the group G on M and let J be a W ∗-ideal of M . We know that
M can be viewed as a W ∗-ideal of a W ∗-algebra N carrying a W*AD-amenable
W ∗-global action σ of G with σ|M = γ. Then J is a W ∗-ideal of N and the w∗-
closure of
∑
t∈G σt(J), denoted by [J ], is a σ-invariant W
∗-ideal of N . Moreover,
σ|[J] is the W ∗-enveloping action of γ|J because σ|[J]|J = σ|J = σ|M |J = γ|J and
it is also W*AD-amenable because it is a restriction of a global W*AD-amenable
W ∗-action to a G-invariant W ∗-ideal.
Now let β be an AD-amenable C∗-partial action ofG onB and letA be a C∗-ideal
of B. Then we may view A′′ as the w∗-closure of A in B′′. Note that (β|A)′′ is the
unique W ∗-partial action of G on A′′ extending β|A. But β′′|A′′ is a W ∗-partial
action such that β′′|A′′ |A = β′′|A = β′′|B|A = β|A. Thus β′′|A′′ = (β|A)′′. By the
previous paragraph, β|A is AD-amenable if β is. 
Proposition 3.11. Let β be a C∗-global action of a group G on B and let A be a
C∗-ideal of B such that the norm closure of
∑
t∈G βt(A) is B. In other words, β is
the C∗-enveloping action of α := β|A. Then β′′ is the W ∗-enveloping action of α′′
and α is AD-amenable if and only if β is AD-amenable.
Proof. We view A′′ as the w∗-closure of A in B′′, thus A′′ is a W ∗-ideal of B′′. In
the proof of Proposition 3.10 we showed that β′′|A′′ = α′′. Thus, to show that β′′
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is a W ∗-enveloping action of α′′, it suffices to prove that B′′ is the w∗-closure of
J0 :=
∑
t∈G β
′′
t (A
′′); let us write J for this closure. Note that
∑
t∈G βt(A) ⊆ J0 ⊆ J
and, taking norm closure, this implies B ⊆ J . Now taking w∗-closure we get J = B′′.
The rest of the proof follows directly from the definition of AD-amenability for
partial actions. 
4. Morita equivalence of partial actions
Many C∗-partial actions do not admit a C∗-enveloping action, but every C∗-par-
tial action has a Morita enveloping action, as defined in [2], which is unique up
to Morita equivalence of actions. It is therefore important to see how amenability
behaves in terms of Morita equivalences.
Equivalences of partial actions are defined in [2]. We shortly recall the definition:
two partial actions α = {αt : At−1 → At} and β = {βt : Bt−1 → Bt} of G on
C∗-algebras A and B are equivalent if there exist an equivalence Hilbert A-B-
bimodule X carrying a (set theoretic) partial action γ = {γt : Xt−1 → Xt} of G by
linear maps on X such that Xt ⊆ X are Hilbert A-B-submodules implementing an
equivalence between the domain ideals At and Bt, that is, the images of Xt by the
left and right inner products are contained and generate At and Bt as C
∗-algebras,
and the usual compatibility between the actions holds: 〈γt(x) |γt(y)〉B = βt(〈x |y〉B)
and A〈γt(x) | γt(y)〉 = αt(A〈x | y〉) for all x, y ∈ Xt−1 . Using W ∗-equivalence
bimodules (see the Appendix) one defines equivalences between W ∗-partial actions
in a similar way.
Both notions of equivalences can be conveniently described in terms of linking
algebras: given an equivalence bimodule X as above, one considers its linking
C∗-algebra L. This carries a partial action of G where the domain ideal Lt is
(isomorphic to) the linking algebra ofXt. IfX is an equivalence betweenW
∗-partial
actions, then L is aW ∗-algebra carrying aW ∗-action encoding theW ∗-equivalence.
Proposition 4.1. Let µ and ν be W*-Morita equivalent W*-partial actions of a
group G on the algebras M and N , respectively. Then the restrictions σ := µ|Z(M)
and τ := ν|Z(N) are isomorphic (as W*-partial actions).
Proof. Let X be a W*-Morita equivalence bimodule between M and N equipped
with a W*-partial action γ of G inducing µ and ν. More precisely:
• γ = ({Xt}t∈G, {γt}t∈G) is a set theoretic partial action on W*-ideals by
linear isometries.
• For every t ∈ G,Mt (Nt, respectively) is the w∗-closure of the space spanned
by M 〈Xt, Xt〉 (〈Xt, Xt〉N , respectively).
• For every t ∈ G and x, y ∈ Xt−1 , M 〈γt(x), γt(y)〉 = µt(M 〈x, y〉) and
〈γt(x), γt(y)〉N = νt(〈x, y〉N )
The conditions above imply that, for all t ∈ G, x ∈ Xt−1 and a ∈ Mt−1 , γt(ax) =
µt(a)γt(x). The same holds for γ and ν.
Proposition A.9 yields a unique W ∗-isomorphism π : Z(N) → Z(M) such that
xa = π(a)x for all a ∈ Z(N) and x ∈ X . To finish the proof we check that the
isomorphism π : Z(N)→ Z(M) above intertwines the partial actions σ and τ . First
of all, if pt and qt are the units of Mt and Nt (respectively), then for all x ∈ X :
ptx = (ptx)qt = pt(xqt) = xqt. Hence π(qt) = pt and π(Z(N)t) = Z(M)t.
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Now fix t ∈ G and a ∈ Z(N)t−1 . For every x ∈ X we have
π(νt(a))x = xνt(a) = xqtνt(a) = γt(γt−1(xqt)a)
= γt(π(a)γt−1(ptx)) = µt(π(a))ptx = µt(π(a))x.
This implies π(µt(a)) = νt(π(a)) and the proof is complete. 
As a consequence we derive the following important result:
Proposition 4.2. AD-amenability is preserved by Morita equivalence of partial
actions, both in C∗- and W ∗-contexts.
Proof. A C∗-equivalence A-B-bimodule X induces a W ∗-equivalence A′′-B′′-bimo-
dule X ′′, so it is enough to deal with the W ∗-case. But this follows directly as a
combination of Propositions 4.1 and 3.5. 
Remark 4.3. The above result applies in particular to global actions and shows that
AD-amenability is invariant under Morita equivalence of group actions. We believe
that this is known for specialists but we could not find a reference.
Corollary 4.4. A C∗-partial action is AD-amenable if and only if one (hence all)
of its Morita enveloping actions is AD-amenable.
Proof. Let α be a C∗-partial action of a group and let β be one of its Morita
enveloping actions. This means that α is Morita equivalent to a restriction γ of
β and β is the C∗-enveloping action of γ. By Propositions 4.2 and 3.11, α is
AD-amenable if and only if γ is AD-amenable if and only if β is AD-amenable. 
5. AD-amenability of Fell bundles
One of our goals in this paper is to extend Anantharaman-Delaroche’s notion
of amenability to Fell bundles over discrete groups. For this we need some prepa-
ration because, as the case of partial actions already indicates, the definition of
AD-amenability requires going to the W ∗-setting.
5.1. W*-enveloping Fell bundles. Given a Fell bundle B over a group G, we
want to turn the bundle of biduals B′′ := {B′′t }t∈G into a Fell bundle in such a
way that B becomes a Fell subbundle of B′′ and there is a certain continuity of
the operations with respect to the w∗-topology. This requires to equip every fibre
B′′t with a Hilbert bimodule structure over B′′e (or a ternary W ∗-ring structure)
extending that of Bt.
The machinery described here is not new: biduals of Hilbert modules are known
to be Hilbert W ∗-modules (see for instance [13]), biduals of ternary W ∗-rings are
described in [35], and biduals of Fell bundles over inverse semigroups are already
described in [18, Section 3], although there only saturated Fell bundles are consid-
ered. For the convenience of the reader and to make this article as self-contained
as possible, we provide the complete constructions here.
Lemma 5.1. Let B be a Fell bundle over a group G. For every nondegenerate
representation π : Be → L(H) there exists a nondegenerate representation ψ : B →
L(K) such that π is a sub-representation of ψ|Be .
Proof. Define Ht := Bt ⊗πH , where we view Bt as a Hilbert Be-module. We want
to construct, for every s, t ∈ G and b ∈ Bs, a linear bounded map ψb,t : Bt⊗πH →
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Bst ⊗π H such that ψb,t(a ⊗ h) = ba ⊗ h. For this it suffices to show that, given∑n
j=1 aj⊗hj ∈ Bt⊗H , we have ‖
∑n
j=1 baj⊗hj‖2 ≤ ‖b‖2‖
∑n
j=1 aj⊗hj‖2. Viewing
Bt as a left Be-Hilbert module we get
‖
n∑
j=1
baj ⊗ hj‖2 =
n∑
j,l=1
〈hj , a∗jb∗balhl〉 = ‖
n∑
j=1
(b∗b)1/2aj ⊗ hj‖2
≤ ‖b‖2‖
n∑
j=1
aj ⊗ hj‖.
The computations above show that ψt,b is well defined and ‖ψt,b‖ ≤ ‖b‖.
Define K as the ℓ2-direct sum
⊕
t∈GHt. We claim that there exists a represen-
tation ψ : B → L(K) such that, for all s, t ∈ G, b ∈ Bs and f ∈ K, ψ(b)(f)(t) =
ψb,s−1tf(s
−1t). First we show that ψ is well defined. Take f ∈ K, b ∈ Bs and a fi-
nite set λ ⊆ G. Then ∑t∈λ ‖ψb,s−1tf(s−1t)‖2 ≤ ‖b‖2∑t∈λ ‖f(s−1t)‖2 ≤ ‖b‖2‖f‖2.
This shows that t 7→ ψb,s−1tf(s−1t) is square summable in norm.
The facts that ψ(ab) = ψ(a)ψ(b) and ψ(b)∗ = ψ(b∗) follow from the facts that
ψb,t
∗ = ψb∗,st and ψa,stψb,t = ψab,t for all s, t ∈ G, a ∈ B and b ∈ Bt. These last
identities are straightforward to prove and are left to the reader.
The natural identification of H with Be ⊗π H provides an inclusion ι : H → K.
Under this inclusion we see that ψ(Be)H = H and, for all a, b ∈ Be and h ∈ H :
ψ(b)(ι(π(a)h)) = ba⊗ h = ι(π(b)π(a)h).
This clearly implies that π is a sub-representation of ψ. Finally, ψ is nondegen-
erate because for every approximate unit (ej)j∈J of Be and a ⊗ h ∈ Ht we have
limj ψ(ej)a⊗ h = eja⊗ h = a⊗ h. 
Theorem 5.2. Let B = {Bt}t∈G be a Fell bundle. Then the bundle of biduals
B′′ := {B′′t }t∈G has a unique Fell bundle structure extending that of B and such
that, for every r, s ∈ G and a ∈ Br, the functions B′′s → Brs, b 7→ ab, and B′′s →
B′′s , b 7→ b∗, are w∗-continuous.
Proof. Let ψ : B → L(H) be a nondegenerate representation such that ψ|Be contains
the universal representation of Be as a sub-representation. Then we view the bidual
B′′e as the weak closure (or the bicommutant) of ψ(Be) ⊆ L(H). For every t ∈ G
we view the bidual I ′′t of the ideal It := BtB∗t ⊆ Be as the weak closure of ψ(It).
We claim that there exists a fibre-wise linear and w∗-continuous extension ψ′′ : B′′ →
L(H). For this we view the fibre Bt as a It − It−1 -equivalence bimodule with the
operations inherited from B. Let 1t be the unit of I ′′t and Ht := 1tH . Note
that Bt ⊗ψ|I
t−1
Ht−1 = ψ(Bt)Ht−1 . Since every b ∈ Bt factors as cc∗c for some
c ∈ Bt, we also have ψ(Bt)Ht−1 = Ht = ψ(Bt)H . For every b ∈ Bt we have
〈ψ(b)(Ht−1⊥), H〉 = 〈Ht−1⊥, ψ(b∗)H〉 ⊆ 〈Ht−1⊥, Ht−1〉 = 0. This shows that ψ(b)
vanishes on Ht−1
⊥ and its image is contained in Ht. Thinking of ψ(b) as an op-
erator from Ht−1 to Ht = Bt ⊗ψ|I
t−1
Ht−1 , ψ(b) becomes the function h 7→ b ⊗ h.
By Corollary C.3, ψ|Bt has a unique w∗-continuous extension (ψ|Bt)′′ : B′′t → L(H),
which is faithful. The map ψ′′ is then given by ψ′′(b) := (ψ|Bt)′′(b) for every b ∈ Bt.
Notice that ψ′′ is faithful on each fiber. Indeed, viewing ψ′′|B′′
t
as a map with
image in L(Ht−1 , Ht), it follows that (ψ′′|B′′t )r = (ψ|It)′′ is faithful because (ψ|Be)′′
is faithful. Hence, by Proposition B.1, ψ′′|B′′
t
is faithful.
AMENABILITY FOR PARTIAL ACTIONS AND FELL BUNDLES 15
Using w∗-density arguments we get
ψ′′(B′′s )ψ
′′(B′′t ) ⊆ ψ′′(B′′st) and ψ′′(B′′s )∗ = ψ′′(B′′s−1).
Thus we may define the multiplication in such a way that, for x ∈ B′′s and y ∈ B′′s ,
xy is the unique element of B′′st such that ψ′′(xy) = ψ′′(x)ψ′′(y). The involution
is determined by the condition ψ′′(x∗) = ψ′′(x)∗ and the norm is ‖x‖ := ‖ψ′′(x)‖.
These operations clearly extend those of B and B′′ is a Fell bundle. Finally, (B′′t )∗B′′t
is a W ∗-ideal because ψ′′((B′′t )∗B′′t ) = I ′′t−1 . 
Remark 5.3. Let α be a partial action of G on a C∗-algebra A. Then (Bα)′′ is
canonically W ∗-isomorphic to Bα′′ .
Inspired by the previous result we introduce the following definition, which is
the natural W ∗-analogue of Fell bundles – also called C∗-algebraic bundles in [20].
Definition 5.4. A W ∗-Fell bundle (or W ∗-algebraic bundle) over the group G
is a Fell bundle M = {Mt}t∈G such that each Mt is isometrically isomorphic to
the dual of a Banach space and, for every s, t ∈ G and a ∈ Ms, the functions
Mt →Mt−1 , b 7→ b∗, and Mt →Mst, b 7→ ab, are w∗-continuous.
By [35] the predual of each fibre Mt is unique because Mt is a Me-Me-Hilbert
bimodule (not necessarily full) with respect to the canonical operations coming
from the product and involution of M.
5.2. Central partial actions of W*-Fell bundles. Take a W ∗-Fell bundle M
over a group G. For every t ∈ G we define It as the W ∗-algebra generated by
MtM
∗
t in Me. Note that It is in fact a W
∗-ideal of Me. The fiber Mt has a natural
W ∗-equivalence It-It−1-bimodule structure with the multiplication of M defining
the left and right actions and the inner products It〈x, y〉 := xy∗ and 〈x, y〉It−1 :=
x∗y. Then Proposition A.9 provides an isomorphism σt : Z(It−1) → Z(It). We
claim that σ := {σt : Z(It−1) → Z(It)}t∈G is a W ∗-partial action of G on Z(Me).
To prove this it suffices to show that σ is a set theoretic partial action. To simplify
the notation we write Zt instead of Z(It).
It is clear that Ie = Me. Moreover, σe is the isomorphism corresponding to the
W ∗-algebra Me viewed as the identity W ∗-equivalence Me-Me-bimodule, hence σe
is the identity of Ze.
Lets show that σt(Zt−1 ∩Zs) ⊆ Zt ∩Zts. Writing pt for the unit of It, it suffices
to prove that σt(pt−1ps) = ptpts. For every x ∈Mt we have σt(pt−1ps)x = xpt−1ps,
hence σt(pt−1ps) is the unit of
spanw
∗
Mtpt−1ps(Mtpt−1ps)
∗ = spanw
∗
Mtpt−1psM
∗
t
= spanw
∗
MtM
∗
t MtMsM
∗
sM
∗
t ⊆ spanw
∗
MtM
∗
t MtsM
∗
ts ⊆ It ∩ Its
⊆ spanw∗MtM∗t MtsM∗tspt = spanw
∗
MtM
∗
t MtsM
∗
tsMtM
∗
t
⊆ spanw∗Mtpt−1MsM∗sM∗t ⊆ spanw
∗
Mtpt−1psM
∗
t .
Thus σt(pt−1ps) is the unit of It ∩ Its and we have σt(pt−1ps) = ptpts.
Now take x ∈ Zt−1 ∩ Zt−1s−1 . We already know that σt(x) ∈ Zt ∩ Zs−1 and
σs(σt(x)) ∈ Zst ∩ Zs. Also σst(x) ∈ Zst ∩ Zs. We can write ps as a w∗-limit of the
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form ps = limi
∑ni
j=1 ui,jv
∗
i,j with ui,j , vi,j ∈Ms. Then, for all z ∈Mst:
σs(σt(x))z = σs(σt(x))psz = σs(σt(x)) lim
i
ni∑
j=1
ui,jv
∗
i,jz = lim
i
ni∑
j=1
σs(σt(x))ui,jv
∗
i,jz
= lim
i
ni∑
j=1
ui,jσt(x)v
∗
i,jz = lim
i
ni∑
j=1
ui,jv
∗
i,jzx = pszx = σst(x)psz
= σst(x)z.
This implies σst(x) = σs(σt(x)).
Definition 5.5. Let M be a W ∗-Fell bundle over a group G. The central partial
action of M is the W ∗-partial action σ of G on Z(Me) constructed above.
Example 5.6. Let γ = ({Mt}t∈G, {γt}t∈G) be a W ∗-partial action of a group G on
a W ∗-algebra M . If M is the semidirect product bundle of γ, which is a W ∗-Fell
bundle, then the central partial action of M is the restriction of γ to Z(M).
To prove the claim above note that the W ∗-ideals It of M = Mδe generated by
(Mtδt)(Mtδt)
∗ = γt(γt−1(MtM∗t ))δe = Mtδe are just Mt seen as a subalgebra of
M = Mδe. Then the domains of σ and γ|Z(M) agree. If x ∈ Z(Mt−1) and y ∈Mt,
then
γt(x)δeyδt = γt(x)yδt = yγt(x)δt = γt(γt−1(y)x)δt = yδtxδe = σt(x)δeyδt
and this implies γt(x) = σt(x) (because we identify x ∈Me with xδe ∈Meδe).
5.3. Cross-sectional W*-algebras of W*-Fell bundles. To a W ∗-Fell bundle
M one can naturally assign a cross-sectional W ∗-algebra W ∗r (M) as follows: the
usual Hilbert Me-module ℓ
2(M) is not suitable here because it might not be a
W ∗-module, that is, it is possibly not self-dual. We look at its self-dual completion
that can be concretely described as follows. Let ℓ2w∗(M) be the space of sections
ξ : G → M for which the net of finite sums ∑t∈F ξ(t)∗ξ(t) (for F ⊆ G finite)
is bounded; since this net is increasing and consists of positive elements, it w∗-
converges to some element 〈ξ |ξ〉Me :=
∑
t∈G ξ(t)
∗ξ(t) ∈Me. The space ℓ2w∗(M) is
then a right W*-HilbertMe-module when endowed with rightMe-action (ξ ·b)(t) :=
ξ(t) · b and inner product 〈ξ | η〉Me :=
∑
t∈G ξ(t)
∗η(t), the limit of this sum being
with respect to the w∗-topology, for all ξ, η ∈ ℓ2w∗(M).
Next we define the left regular representation of M. This is done as in the
C∗-case, except that we now act on ℓ2w∗(M). More precisely, for each t ∈ G we define
the map Λt : Mt → L(ℓ2w∗(M)) by (Λt(a)ξ)(s) := a · ξ(t−1s) (the multiplication
performed in M) for all s ∈ G, a ∈ Mt and ξ ∈ ℓ2w∗(M). As in the C∗-setting,
a routine argument shows that Λt(a) is a well-defined adjointable operator with
Λt(a)
∗ = Λt−1(a∗) and that Λ = (Λt)t∈G is a representation of M. Note that
L(ℓ2w∗(M)) is a W ∗-algebra, see for example [31, Proposition 3.10].
Definition 5.7. The cross-sectionalW ∗-algebra ofM is theW ∗-subalgebraW ∗r (M)
of L(ℓ2w∗(M)) generated by the image of its regular representation Λ.
The linear span of the image of Λ is already a ∗-subalgebra, so that W ∗r (M) is
just the w∗-closure of that subalgebra. We also observe that the cross-sectional
C∗-algebra C∗r (M) embeds as a w∗-dense C∗-subalgebra of W ∗r (M). Moreover,
since ℓ2w∗(M) is the self-dual completion of ℓ2(M), every adjointable operator on
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ℓ2(M) extends to an adjointable operator on ℓ2w∗(M) and this gives a C∗-embedding
L(ℓ2(M)) →֒ L(ℓ2w∗(M)) that restricts to the embedding C∗r (M) →֒ W ∗r (M).
The (reduced)W ∗-algebra of aW ∗-Fell bundleM is exactly theW ∗-counterpart
of the reduced C∗-algebra as defined by Exel and Ng in [26].
Proposition 5.8. Let M be a W ∗-Fell bundle over a group G and π : Me → L(H)
be a weak*-continuous representation. Then the map
Λπ : M→ L(ℓ2w∗(M)⊗π H), b 7→ Λ(b)⊗ id
is a representation which is w∗-continuous on each fiber. The integrated form Λ˜π
factors through a representation of C∗r (M) that can be extended to a weak* contin-
uous representation Λ˜w
∗
π of W
∗
r (M) in a unique way. Moreover, Λ˜w
∗
π is unital and
Λ˜w
∗
π (W
∗
r (M)) = Λ˜w
∗
π (M)′′ (the bicommutant). If π is injective then so is Λ˜w
∗
π .
Proof. Consider the map ρ : L(ℓ2w∗(M)) → L(ℓ2w∗(M) ⊗π H), ρ(R) = R ⊗ id, of
Lemma A.2. Then Λπ := ρ ◦ Λ: M→ L(ℓ2w∗(M)⊗π H) is clearly a representation
that, when restricted to the closed unit ball of a fiber, is w∗-continuous by Lemma
A.2. Hence Λπ is a representation which is w
∗-continuous on each fiber. In case π
is faithful then so is ρ and hence Λπ is faithful if π is.
Note that ℓ2w∗(M)⊗πH = ℓ2(M)⊗πH. Thus we may very well think of Λπ : M→
L(ℓ2(M)⊗πH) as the composition of the C∗-regular representationM→ L(ℓ2(M))
with C∗r (M) ⊂ L(ℓ2(M))→ L(ℓ2(M)⊗πH), T 7→ T ⊗ id. This clearly implies that
Λπ factors through C
∗
r (M).
The restriction ρ|W∗r (M) : W ∗r (M) → L(ℓ2w∗(M) ⊗π H) is a w∗-continuous rep-
resentation that clearly extends the integrated form of Λπ. Hence this integrated
form can be extended to W ∗r (M) (as ρ|W∗r (M)) and the extension is faithful if π is.
The rest of the proof follows by the Bicommutant Theorem. 
Theorem 5.9 (c.f. [26, Corollary 2.15]). Assume that M is a W ∗-Fell bundle
over G and write λ for the left regular representation of G by unitary operators
on ℓ2(G). Let T : M → L(H) be a nondegenerate representation which is weak*
continuous on each fiber and let µλ,T : M → L(ℓ2(G,H)) be the representation
such that µλ,T (b) = λt ⊗ Tb, for every b ∈ Bt and t ∈ G. Then the integrated form
of µλ,T , denoted µ˜λ,T , factors through a representation of C
∗
r (M) that has a unique
w∗-continuous extension to a representation µ˜w
∗
λ,T of W
∗
r (M). Moreover, if T |Be is
faithful then so is µ˜w
∗
λ,T .
Proof. It was shown in [26] that µ˜λ,T factors through a representation of C
∗
r (M).
To extend µ˜λ,T to W
∗
r (M) take R ∈ W ∗r (M). Then, by [19], there exists a bounded
net (fj)j∈J ⊂ C∗r (M) such that R = w∗ limj λ˜w
∗
M(fj).
Every closed ball of L(ℓ2(G,H)) is compact in the weak* topology, thus there
exists S ∈ L(ℓ2(G,H)) and a subnet (fjl)l∈L such that S = w∗ liml µ˜λ,T (fjl). In
order to prove that S = w∗ limj µ˜λ,T (fj) it suffices to show the existence of a set
X ⊂ ℓ2(G,H) spanning a dense subset of ℓ2(G,H) and such that, for every x, y ∈ X,
(〈x, µ˜λ,T (fj)y〉)j∈J is a convergent net.
Using the notation of [26, Propositon 2.13] we define
X :=
⋃
r∈G
{(ρr ⊗ 1) ◦ V u : u ∈ ℓ2(M)⊗T H,h ∈ H}.
Recall that ρ : G → ℓ2(G) is the right regular representation and that ρr ⊗ 1 lies
in the commutant of µ˜λ,T (C
∗
r (M)). Recall also that V : ℓ2(M) ⊗T H → ℓ2(G,H)
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is an isometry such that V (z ⊗ h)(t) = Tz(t)h. Take x = ρr ⊗ 1 ◦ V u ∈ X and
y = ρr ⊗ 1 ◦ V v ∈ X. Then, by [26, Proposition 2.6],
lim
j
〈x, µ˜λ,T (fj)y〉 = lim
j
〈V u, (ρr−1 ⊗ 1)µ˜λ,T (fj)(ρs ⊗ 1)V v〉
= lim
j
〈V u, (ρr−1s ⊗ 1)V (λM(fj)⊗ 1)v〉
= 〈V u, (ρr−1s ⊗ 1)V (R ⊗ 1)v〉.
This not only shows that (µ˜λ,T (fj))j∈J converges in the weak (and weak*) topol-
ogy, but also that its limit is completely determined by R = w∗ limj λ˜w
∗
M(fj). Of
course, we define µ˜w
∗
λ,T (R) := S.
Define V r := (ρr ⊗ 1) ◦ V. Then µ˜w∗λ,T : W ∗r (M)→ L(ℓ2(G,H)) is uniquely deter-
mined by the condition
(5.10) 〈V ru, µ˜λ,T (R)V sv〉 = 〈V s−1ru, V (R⊗ 1)v〉, ∀ u, v ∈ ℓ2(M), r, s ∈ G.
This condition immediately implies that µ˜w
∗
λ,T is linear and w
∗-continuous in any
closed ball. Moreover, it is also straightforward to prove that µ˜w
∗
λ,T preserves the
involution. To show that µ˜w
∗
λ,T is multiplicative take R,S ∈ W ∗r (M) and bounded
nets (fj)j∈J , (gl)l∈L ⊂ C∗r (M) weak* converging to R and S, respectively. Then,
using that multiplication is separately weakly continuous, we deduce
µ˜w
∗
λ,T (RS) = lim
j
µ˜w
∗
λ,T (fjS) = lim
j
lim
l
µ˜w
∗
λ,T (fjgl) = lim
j
lim
l
µ˜w
∗
λ,T (fj)µ˜
w∗
λ,T (gl)
= lim
j
µ˜w
∗
λ,T (fj)µ˜
w∗
λ,T (S) = µ˜
w∗
λ,T (R)µ˜
w∗
λ,T (S).
Assume T |Be is faithful and µ˜w
∗
λ,T (R) = 0. Then (5.10) implies (with r = s = e)
that 〈u, (R⊗1)v〉 = 0 for all u, v ∈ ℓ2w∗(M)⊗T |Be H. Since T |Be is faithful, we have
R = 0. 
Definition 5.11. Let M be a W ∗-Fell bundle over the discrete group G. We say
that the subset N ⊂M is a W ∗-Fell subbundle if it is a Fell subbundle and the w∗
topology of Ne is the restriction of the w
∗ topology of Me.
Since each fiber of N is a W ∗-equivalence bimodule between W ∗-ideals of Ne,
the definition above actually implies that the w∗ topology of each fiber Nt is the
restriction of the w∗ topology of Bt.
Proposition 5.12. Let N ⊂ M be a W ∗-Fell subbundle. If we view C∗r (N ) as
a C∗-subalgebra of C∗r (M) ⊂ W ∗r (M) as in [2, Proposition 3.2], then W ∗r (N ) is
isomorphic to the w∗-closure of C∗r (N ) in W ∗r (M).
Proof. Our proof is a slight modification of that of [2, Proposition 3.2]. By Propo-
sition 5.8 there exists a representation T : M → L(H) with T |Me faithful and
w∗-continuous on each fiber. Define H0 := T1NH, where 1N is the unit of Ne, and
the restriction map R : N → L(H0) by Ra := Ta|H0 . Then R is a representation
w∗-continuous on each fiber and with R|Ne faithful.
In terms of the decomposition ℓ2(G,H) = ℓ2(G,H0)⊕ ℓ2(G,H0)⊥, we have
(5.13) µλ,T (a) =
(
µλ,R(a) 0
0 0
)
, ∀a ∈ N .
We get the desired result by considering the integrated forms of µλ,T and µλ,R
and the respective w∗−continuous extensions to W ∗r (M) and W ∗r (N ), respectively.

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Remark 5.14. If we add to the hypotheses of the last theorem the condition that
N is hereditary in M (that is NMN ⊂ N ) then W ∗r (N ) is hereditary in W ∗r (M).
Indeed, it follows from separate w∗-continuity of the product and the fact that
C∗r (N ) is hereditary in C∗r (M).
5.4. The W*-algebra of kernels. Let M be a W*-Fell bundle over a group G.
A kernel ofM is a function k : G×G→M such that k(r, s) ∈Mrs−1 . As usual we
denote by k(M) the C∗-algebra of kernels ofM and kc(M) the kernels of compact
support, see [2] for more details. Recall that there exists a canonical action of G on
k(M), given by βtk(r, s) = k(rt, st). We are going to define a W ∗-version of k(M)
and also of β.
Consider the canonical representation π : k(M)→ L(ℓ2(M)) given by π(k)f(s) =∑
s∈G k(s, t)f(t) for every k ∈ kc(M) and f ∈ ℓ2(M) with finite support. This
representation has been already considered in [2]. Using the canonical embed-
ding L(ℓ2(M)) →֒ L(ℓ2w∗(M)), we may view π as a representation π : k(M) →
L(ℓ2w∗(M)).
With the canonical action of G on k(M) we construct the *-homomorphism
πβ : k(M) → ℓ∞(G,L(ℓ2w∗(M))) defined by πβ(f)|t = π(β−1t (f)). Note that πβ is
equivariant with respect to the translation W ∗-action γ on ℓ∞(G,L(ℓ2w∗(M))).
Recall that we may view the algebra of (generalised) compact operatorsK(M) :=
K(ℓ2(M)) as an ideal of k(M) and β is the enveloping action of β|K(M). In the
C∗-case we know that π : k(M) → L(ℓ2(M)) is the identity when restricted to
K(M). In particular π : k(M)→ L(ℓ2w∗(M)) is injective on K(M).
Now we can prove that πβ is injective. Indeed, πβ(f) = 0 implies that π(βt(f)x) =
0 for every t ∈ G and x ∈ K(M) and since π is faithful on K(M), this implies
fβt(x) = 0 for every t ∈ G and x ∈ K(M), and this is equivalent to f = 0 because
the linear G-orbit of K(M) is dense in k(M).
Let kw∗(M) and Kw∗(M) be the w∗-closures of πβ(k(M)) and πβ(K(M)), re-
spectively. Then clearly Kw∗(M) is a W ∗-ideal of kw∗(M) and βw∗ := γ|kw∗(M) is
the W ∗-enveloping action of βw
∗ |Kw∗(M) = γ|Kw∗ (M).
Our construction implies that βw
∗
is a quotient of β′′. This quotient is such
that we can faithfully view β as a restriction of βw
∗
. Notice that K(ℓ2w∗(M)) is w∗-
dense in N := L(ℓ2w∗(M)) (this follows, for instance, from [13, Lemma 8.5.23]). We
claim that Kw∗(M) is canonically isomorphic to N . Indeed, the evaluation at e ∈ G,
eve : ℓ
∞(G,N)→ N, is a surjective w∗-continuous *-homomorphism. Moreover, eve
is injective when restricted to Kw∗(M) because eve ◦ πβ |Kw∗ (M) is just π|Kw∗ (M).
Thus eve|Kw∗ (M) is an isomorphism between Kw∗(M) and N = L(ℓ2w∗(M)).
Definition 5.15. The W ∗-algebra kw∗(M) constructed above will be called the
W ∗-algebra of kernels of M. It will be always endowed with the canonical W ∗-ac-
tion βw
∗
of G defined above.
Definition 5.16. We say that two W ∗-Fell bundles are weakly W ∗-equivalent if
the canonical actions on their W ∗-algebras of kernels are W ∗-Morita equivalent.
Remark 5.17. W ∗-equivalence ofW ∗-Fell bundles is an equivalence relation because,
as in the C∗-case, we have inner tensor products of W ∗-equivalence bimodules.
Theorem 5.18. Let M be a W ∗-Fell bundle over a group G. Then the W ∗-en-
veloping action of the central partial action σ of M is the restriction of βw∗ to the
centre of kw∗(M).
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Proof. By Proposition 2.8, βw
∗ |Z(kw∗(M)) is the W ∗-enveloping action of τ :=
βw
∗ |Z(Kw∗ (M)). Hence all we need is to show that τ is isomorphic to σ.
The module ℓ2w∗(M) is a W ∗-equivalence bimodule between Kw∗(M) and Me,
hence it induces a W ∗-isomorphism µ : Z(Me)→ Z(Kw∗(M)) which we claim is an
isomorphism of W ∗-partial actions between σ and τ .
To simplify our notation we write ZM and ZM instead of Z(Me) and Z(Kw∗(M)),
respectively. Consequently, the domains of σ and τ will be denoted ZMt and ZMt
for t ∈ G.
We must show that µ(ZMt) = ZMt or, equivalently, that ℓ2w∗(M) induces the
ideal It = span
w∗ MtM
∗
t to Jt := Kw∗(M) ∩ βw
∗
t (Kw∗(M)). From the proof of
[5, Theorem 3.5] we know that ℓ2(M) ⊆ ℓ2w∗(M) induces span‖‖MtM∗t to K(M)∩
βt(K(M)). By taking w∗-closures in Me and ℓ∞(G,L(ℓ2w∗(M))), respectively, we
get the desired induction.
The composition µ ◦ σt equals the composition µ|t ◦ σt, where µ|t represents
the restriction and co-restriction of µ to ZMt (in the domain) and ZMt (in the
co-domain). But µ|t is the isomorphism corresponding to the bimodule
Xt := Jtℓ
2
w∗(M)It = ℓ2w∗(M)It = Jtℓ2w∗(M).
Hence we may view µ ◦ σt as the isomorphism corresponding to the bimodule
Xt⊗w∗It Mt. In the same way we may view τt ◦µ as the isomorphism corresponding
to the bimodule Jtδt ⊗w∗J
t−1δe
Xt−1 , where Jtδt is the fiber over t of the semidirect
product bundle of βw
∗ |Kw∗ (M), Bw
∗
, and Jt−1δe is the ideal Jt−1 seen as an ideal
of the unit fiber of that bundle. Once again we will make use of the C∗-version of
all these constructions.
The semidirect product bundle of β|K(ℓ2(M)) will be denoted B, and we will
think of it as a Fell subbundle of B′′. The fibre over t of B is K(M)tδt and
K(M)tδt(K(M)tδt)∗ = K(M)tδe ⊆ K(M)δe
Define I
‖‖
t and J
‖‖
t as the C
∗-algebras generated by MtM∗t and
(K(M)tδt)(K(M)tδt)∗
in Me and K(M)δe, respectively. If we set
X
‖‖
t := J
‖‖
t ℓ
2(M)I‖‖t = ℓ2(M)I‖‖t = J‖‖t ℓ2(M),
then X
‖‖
t ⊗I‖‖t Mt and K(M)tδt ⊗J‖‖t−1 Xt−1 are isomorphic as C
∗-trings. To
prove this claim consider the canonical L2-bundle of M, LM = {Lt}t∈G, which
establishes a strong equivalence between B and M [5]. Then X‖‖t is exactly
J
‖‖
t Le = LeI
‖‖
t = J
‖‖
t LeI
‖‖
t , and we have canonical injective maps
ν1 : X
‖‖
t ⊗I‖‖
t
Mt → Lt, x⊗ y 7→ xy,
ν2 : K(M)tδt ⊗J‖‖
t−1
Xt−1 → Lt, T ⊗ x 7→ Tx,
where the actions used are the actions of B and M on LM. The images of ν1 and
ν2 are LeMt ⊆ Lt and K(M)tδtLe ⊆ Lt, respectively, because Mt = I‖‖t Mt and
K(M)t = K(M)tJ‖‖t−1 (due to Cohen-Hewitt Theorem we do not need closed linear
spans here). Recalling the definition of strong equivalence and understanding the
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products below as norm closed linear spans of products, we obtain:
LeMt = LeMtM
∗
t Mt ⊆ Le〈Lt−1 , Lt−1〉MMt ⊆ LB〈Le, Lt−1〉Lt−1Mt
⊆ LB〈Le, Lt−1〉Le ⊆ K(M)tδtLe ⊆ . . . ⊆ LeMt.
It can be directly shown that νrj and ν
l
j (j = 1, 2) are the natural inclusions of I
‖‖
t
and J
‖‖
t on Me and K(M)δe. This is due to the fact that we are allowed to use the
inner products of LM in the computations of the tensor product. Hence
ν−12 ◦ ν1 : X‖‖t ⊗I‖‖t Mt → K(M)tδt ⊗J‖‖t−1 Xt−1
is an isomorphism of ternary C∗-trings with (ν−12 ◦ ν1)r and (ν−12 ◦ ν1)l being the
identities on I
‖‖
t−1 and J
‖‖
t , respectively.
The question is now if we can extend ν−12 ◦ ν1 to an isomorphism
(5.19) ν−12 ◦ ν1 : Xt ⊗w
∗
It Mt → Jtδt ⊗w
∗
J
t−1δe
Xt−1
In fact we can follow the same line of reasoning we used when constructing the
inner W ∗-tensor product (see the construction preceding Definition B.3). The idea
is to represent the W ∗-equivalence modules of (5.19) using the same representation
of It−1 and then to translate wot continuity into continuity of inner products. At
that point everything will follow immediately because (ν−12 ◦ ν1)r is the identity
operator.
After constructing the isomorphism ν−12 ◦ ν1 as a w∗-extension of ν−12 ◦ ν1 it
follows directly that ν−12 ◦ ν1
r
and ν−12 ◦ ν1
l
are the identities (on Jt and It, respec-
tively). Now the isomorphism in (5.19) and Corollary A.10 imply µ◦σt = τt◦µ. 
Corollary 5.20. For a W ∗-Fell bundle M the following are equivalent:
(i) The canonical action βw
∗
on kw∗(M) is W*AD-amenable.
(ii) The restriction of βw
∗
to Z(Kw∗(M)) is W*AD-amenable.
(iii) The central partial action of M is W*AD-amenable.
Proof. Follows at once from the definition of W*AD-amenability of partial actions,
Theorem 5.18 and Theorem 3.3. 
Definition 5.21. AW ∗-Fell bundle is said to beW*AD-amenable if the equivalent
conditions of the corollary above are satisfied. A Fell bundle B is AD-amenable if
the enveloping W ∗-Fell bundle B′′ is W*AD-amenable.
Remark 5.22. W*AD-amenability is preserved by weak equivalence ofW ∗-Fell bun-
dles.
Remark 5.23. Proposition 3.5 and Example 5.6 imply that a W*-partial action is
W*AD-amenable if and only if its semidirect product bundle (which is a W*-Fell
bundle) is W*AD-amenable. Hence the same conclusion holds for C*-partial actions
and AD-amenability.
Theorem 5.24. Let B be a Fell bundle over a group and let B′′ be the enveloping
W ∗-Fell bundle of B. Then the canonical action βw∗ on kw∗(B′′) and the bidual of
the canonical action β on k(B), β′′, are isomorphic as W ∗-actions. In particular,
kw∗(B′′) is isomorphic to k(B)′′.
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Proof. We first show that ℓ2w∗(B′′) ∼= ℓ2(B)′′ as W*-Hilbert Me-modules. This is
the crucial point if we follow the original construction of kw∗(B′′) at the beginning
of Section 5.4.
Let ρ : Be → L(H) be the universal representation; we extend it to the bidual
and view it as a faithful W*-representation ρ′′ : B′′e → L(H). We may then view
ℓ2w∗(B′′) as a wot-closed subspace of L(H, ℓ2w∗(B′′) ⊗ρ′′ H). But ℓ2w∗(B′′) ⊗ρ′′ H =
ℓ2(B)⊗ρH =: K and we have a faithful representation U : ℓ2w∗(B′′)→ L(H,K) such
that U(x)h = x⊗ h. Moreover, ℓ2w∗(B′′) is the wot-closure of U(ℓ2(B)), i.e. ℓ2(B)′′.
Looking at the linking algebra L of ℓ2(Be), we may view Kw∗(G,B′′) as the
W ∗-completion of K(B) in L′′. But this closure is also equal to K(B)′′. Now we
have
(β′′|K(B)′′)|K(B) = β′′|k(B)|K(B) = β|K(B) = βw
∗ |k(B′′)|K(B) = (βw
∗ |K(B)′′)|K(B).
Hence we have twoW ∗-partial actions on K(B)′′, namely β′′|K(B)′′ and βw∗ |Kw∗ (B′′),
which are the unique W ∗-actions extending the C∗-partial action β|K(B). There-
fore β′′|K(B)′′ = βw∗ |Kw∗ (B′′). But β′′ and βw
∗
are both W ∗-enveloping actions of
β′′|K(B)′′ , then uniqueness of W ∗-enveloping actions implies that β′′ is isomorphic
to βw
∗
. 
Corollary 5.25. If two Fell bundles A and B over a group are weakly equivalent
then their enveloping W ∗-Fell bundles A′′ and B′′ are weakly W ∗-equivalent. In
particular, AD-amenability of Fell bundles is preserved by weak equivalence of Fell
bundles.
Proof. The canonical partial actions on k(A) and k(B), α and β respectively, are
Morita equivalent through a partial action γ on a k(A)-k(B)-equivalence bimodule
X . If L is the linking partial action of X and ν the linking partial action of γ, then
the w∗-closure of X in L′′ and the restriction γ′′ := ν′′|X′′ provide aW ∗-equivalence
between α′′ and β′′. The rest follows from Theorem 5.24 and Definitions 5.16
and 5.21. 
Corollary 5.26. A Fell bundle B is AD-amenable if and only if the canonical
action on k(B), β, is AD-amenable.
Proof. Just recall that B is weakly equivalent to Bβ [5, 6] and use the Corollary
above. 
5.5. The dual coaction: another picture for the W*-algebra of kernels. In
this section we want to show that the sectional W ∗-algebra W ∗r (M) of a W ∗-Fell
bundle M over G carries a canonical G-coaction and identify the crossed product
by this coaction with the W ∗-algebra of kernels kw∗(M).
Recall that a coaction of G on a W ∗-algebra N is a faithful unital W ∗-homo-
morphism δ : N → N⊗¯W ∗r (G) satisfying (δ⊗ id)δ = (id⊗ δG)δ, were ⊗¯ denotes the
(spatial) tensor product of W ∗-algebras. Given such a coaction, the W ∗-crossed
product is defined as the W ∗-subalgebra of N⊗¯L(ℓ2(G)) generated by δ(N) and
1 ⊗ ℓ∞(G), where, as usual, ℓ∞(G) is represented as a W ∗-subalgebra of L(ℓ2G)
via multiplication operators. We omit this representation here for simplicity, that
is, we view ℓ∞(G) as a subalgebra of L(ℓ2G). It turns out that
N⋊¯δG = span
w∗{δ(n)(1 ⊗ f) : n ∈ N, f ∈ ℓ∞(G)}.
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Representing N on a Hilbert space or, more generally, on a self-dual Hilbert mod-
ule H , the W ∗-crossed product N⋊¯δG gets represented as a W ∗-subalgebra of
L(H)⊗¯L(ℓ2G) = L(H ⊗ ℓ2G). This crossed product carries a canonical G-action,
the so called dual action δ̂. It is given on a generator δ(n)(1⊗f) by δ̂t(δ(n)(1⊗f)) =
δ(n)(1 ⊗ τt(f)), where τt(f)(s) := f(st) denotes the right translation G-action
on ℓ∞(G). This can also be described as δ̂t(x) = (1 ⊗ ρt)x(1 ⊗ ρ−1t ), where
ρ : G→ L(ℓ2G) denotes the right regular representation of G.
Now, returning to the case of a W ∗-Fell bundleM, we want to define a coaction
δM : W ∗r (M)→W ∗r (M)⊗¯W ∗r (G) that acts on generators Λt(a) ∈Mt with a ∈Mt
by the formula
(5.27) δM(Λt(a)) = Λt(a)⊗ λt.
This is therefore an extension of the usual dual coaction on C∗r (M) ⊆ W ∗r (M).
Here W ∗r (G) denotes the group W
∗-algebra of G, that is, the W ∗-subalgebra of
L(ℓ2G) generated by the left regular representation λ : G→ L(ℓ2G).
To prove that δM exists, we proceed as in the C∗-algebra situation (see [2,
Section 8] or [26]): Let M× G be the pullback of M along the first coordinate
projection G×G→ G. This is a W ∗-Fell bundle over G×G whose W ∗-algebra is
canonically isomorphic to W ∗r (M× G) = W ∗r (M)⊗¯W ∗r (G), in particular we have
a canonical W ∗-embedding
W ∗r (M)⊗¯W ∗r (G) ⊆ L(ℓ2w∗(M×G)).
Now we define a unitary operator V on the Hilbert W ∗-module ℓ2w∗(M×G) by the
formula
V ζ(s, t) := ζ(s, s−1t) for all ζ ∈ ℓ2w∗(M×G), s, t ∈ G.
Straightforward computations show that this is indeed a unitary operator with
adjoint V ∗ζ(s, t) = ζ(s, st). Now we define a w∗-continuous injective unital homo-
morphism δM : L(ℓ2w∗(M))→ L(ℓ2w∗(M×G)) by
δM(a) := V (a⊗ 1)V ∗, a ∈ W ∗r (M).
It is easy to see that (5.27) is satisfied. Moreover, since the elements Λt(a) with
a ∈Mt generateW ∗r (M) as aW ∗-algebra, the above formula restricts to an injective
w∗-continuous unital homomorphism
δM : W ∗r (M)→W ∗r (M)⊗¯W ∗r (G).
This is indeed a coaction, that is, the coassociativity identity (δM⊗ id)◦δM = (id⊗
δG) ◦ δM holds, where δG : W ∗r (G)→W ∗r (G)⊗¯W ∗r (G) denotes the comultiplication
of W ∗r (G) (which, incidentally, is the coaction δM for the trivial one-dimensional
Fell bundle M = C×G).
Remark 5.28. There is a canonical normal conditional expectation E : W ∗r (M) ։
Me given on generators by E(Λ(a)) = δt,e(a) for all a ∈ Mt. This can be proved
as in the C∗-case, or it can be deduced from the existence of the dual coaction
δM above as follows: Consider the canonical tracial state τ : W ∗r (G)→ C given by
τ(x) = 〈δe |xδe〉. Then E = (id⊗ τ) ◦ δM is the desired conditional expectation.
Proposition 5.29. For a W ∗-Fell bundle M, we have a canonical isomorphism
W ∗r (M)⋊¯δMG ∼= kw∗(M),
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that identifies a generator δM(a)(1⊗f) ∈W ∗r (M)⋊¯δMG with the kernel ka,f (s, t) :=
a(st−1)f(t) for a ∈ Cc(M) and f ∈ ℓ∞(G). This isomorphism is G-equivariant
with respect to the dual G-action on W ∗r (M)⋊¯δMG and the canonical G-action on
kw∗(M).
Proof. Let N := W ∗r (M) and δ := δM. We show how to turn ℓ2w∗(M) into a
W ∗-Hilbert N⋊¯δG-Me-bimodule.
Consider the map ι : Cc(M) → N ⊗alg Cc(G) ⊆ N⊗¯ℓ2(G) defined by ι(ξ) =
δ(ξ)(1⊗ δe) =
∑
s∈G Λ(ξ(s))⊗ δs. Here and throughout this proof (δs)s∈G will also
denote the standard ortonormal basis of ℓ2(G) – apologies for the overuse of the
symbol δ here! Let X be the w∗-closure of the image of ι in N⊗¯ℓ2(G). Notice that
with respect to the N -inner product on N⊗¯ℓ2(G) we have
〈ι(ξ) | ι(η)〉N =
∑
s,t∈G
〈Λ(ξ(s) ⊗ δs) |Λ(η(t)) ⊗ δt〉 = Λ(〈ξ |η〉Me ),
for all ξ, η ∈ Cc(M), where 〈ξ | η〉Me denotes the Me-valued inner product on
Cc(M) ⊆ ℓ2w∗(M). Since Λ is a W ∗-embedding Me →֒ N , it follows that the
image of the N -valued inner product on X takes values in Λ(Me) ∼= Me so that X
can be viewed as a right W ∗-Hilbert Me-module and ι extends to an isomorphism
ℓ2w∗(M) ∼= X of W ∗-Hilbert Me-modules. The advantage of this picture is that X
is also canonically a left W ∗-Hilbert N⋊¯δG-module, where the left inner product
is defined by I〈ξ |η〉 := δ(ξ)(1 ⊗ χe)δ(η∗) ∈ I for ξ, η ∈ Cc(M). The image of this
inner product generates a W ∗-ideal I of N⋊¯δG, namely the W ∗-ideal generated by
the projection p := χe. It follows that I ∼= L(ℓ2w∗(M)); this isomorphism identifies
δ(ξ)(1⊗p)δ(η∗) with θξ,η = |ξ〉〈η| ∈ K(ℓ2w∗(M)) ⊆ L(ℓ2w∗(M)), and it is determined
by this formula and the fact that it is w∗-continuous.
Next, considering the dual G-action δ̂ on Q := N⋊¯δG, we notice that the linear
G-orbit of I is w∗-dense. This is because δ̂t−1(χe) = χt, so that δ̂t−1(I) is the
W ∗-ideal of N⋊¯δG generated by the projection pt = χt, and these projections
generate ℓ∞(G) as a W ∗-algebra. Therefore δ̂ can be viewed as the W ∗-enveloping
action of its restriction δ̂|I . On the other hand, the G-action on the W ∗-algebra of
kernels kw∗(M) is also enveloping for a partial action on L(ℓ2w∗(M)). By uniqueness
of enveloping W ∗-actions (Proposition 2.7), to see that kw∗(M) ∼= Q, it is enough
to see that the restriction of δ̂ to I coincides with the partial action on L(ℓ2w∗(M))
obtained as restriction of the G-action βw
∗
on kw∗(M). But by definition, βw∗ is
the unique w∗-continuous extension of the G-action β on the C∗-algebra of kernels
k(M) given by βr(k)(s, t) = k(sr, tr) for a kernel k ∈ kc(M). An elementary
compact operator θξ,η ∈ K(ℓ2(M)) ⊆ K(ℓ2w∗(M)) identifies with the kernel function
kξ,η(s, t) := ξ(s)η(t)
∗. And by [2, Proposition 8.1] we have a C∗-isomorphism
k(M) ∼= B := C∗r (M) ⋊δ G that is G-equivariant for the dual G-action δ̂ on B
and β on k(M). Here δ also denotes the dual coaction of G on C∗r (M); this is
a restriction of the dual coaction on N = W ∗r (M), denoted by the same symbol
δ. The isomorphism k(M) ∼= B is given as in the statement (see the proof of
Proposition 8.1 in [2]). The C∗-algebra of compact operators K(ℓ2(M)) identifies,
as above, with the C∗-ideal J of B generated by p = χe. This is w∗-dense in I. Since
the partial G-action on J we get from viewing it as an ideal of k(M) coincides with
the partial action coming from the dual action on B, the same has to be true for
the w∗-closures, that is, via the isomorphism L(ℓ2w∗(M)) ∼= I the partial action on
AMENABILITY FOR PARTIAL ACTIONS AND FELL BUNDLES 25
I we get by restriction of δ̂ is the partial action we get from kw∗(M) by restricting
it to the W ∗-ideal L(ℓ2w∗(M)). 
Corollary 5.30. For every W*-Fell bundle M we have a canonical isomorphism
kw∗(M)⋊βw∗ G ∼= W ∗r (M)⊗¯L(ℓ2G).
Proof. This follows from Proposition 5.29 and general duality theory for crossed
products by W*-coactions, see [30]. 
We recall from [5] that given a Fell subbundle A of B we can identify k(A) with
the norm closure of kc(A) in k(B). This inclusion has a W ∗-counterpart.
Corollary 5.31. If N is aW ∗-Fell subbundle ofM and we view k(N ) as a C∗-sub-
algebra of k(M) ⊂ kw∗(M), then kw∗(N ) is isomorphic to the w∗−closure of k(N )
in kw∗(M).
Proof. The inclusion kw∗(N ) ⊂ kw∗(M) is just the inclusion W ∗r (N )⋊¯δNG ⊂
W ∗r (M)⋊¯δMG provided by Proposition 5.29. 
6. Exel’s approximation property and AD-amenability
The main goal of this section is to compare the notion of amenability in the sense
of Anantharaman-Delaroche with the approximation property introduced by Exel
in [22]. We start by recalling Exel’s approximation property:
Definition 6.1. A Fell bundle B = {Bt}t∈G has the approximation property (AP)
if there exists a net {ai}i∈I of functions ai : G→ Be with finite support such that
(i) supi∈I ‖
∑
r∈G ai(r)
∗ai(r)‖ <∞.
(ii) For every t ∈ G and b ∈ Bt, limi ‖b−
∑
r∈G ai(tr)
∗bai(r)‖ = 0.
A partial action α on a C*-algebra has the AP if the semidirect product bundle Bα
has the AP.
Remark 6.2. Notice that (1) above means that {ai}i∈I is a bounded net when viewed
as a net in the Hilbert Be-module ℓ
2(G,Be). Indeed, the original definition of the
AP in [22] uses such nets and Proposition 4.5 in [22] says that both definitions are
equivalent (the difference being whether the supports of the functions are required
to be finite or not).
Condition (2) can also be weakened: it is enough to check the norm convergence
in (2) for b in total subsets of Bt, that is, for b in a subset B
0
t spanning a norm-dense
subset of Bt for each t ∈ G.
As a way of combining Exel’s approximation property and amenability in the
sense of Anantharaman-Delaroche ([7, 8, 10]), we introduce the following:
Definition 6.3. A W ∗-Fell bundle M = {Mt}t∈G has the W ∗-approximation
property (W*AP) if there exists a net of functions {ai : G → Me}i∈I with finite
support such that
(i) supi∈I ‖
∑
r∈G ai(r)
∗ai(r)‖ <∞, and
(ii) for every t ∈ G and b ∈Mt,
lim
i
∑
r∈G
ai(tr)
∗bai(r) = b
in the w∗-topology of Mt.
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We say that a W ∗-partial action γ has the W*AP if the associated W ∗-Fell bundle
Bγ has the W*AP.
A (C∗-algebraic) Fell bundle B has the WAP if its W ∗-enveloping Fell bundle
B′′ has the W*AP and a C∗-partial action α has the WAP if α′′ has the W*AP.
The reader should read WAP as “weak approximation property”, the reason for
this will be clear after Theorem 6.11. We recommend to read the statement of that
theorem at this point to get a feeling of what we want to do next.
Remark 5.3 implies that a C∗-partial action α has the WAP if and only if Bα
has the WAP. We shall prove in what follows that AD-amenability and the WAP
are equivalent notions, first for global actions and later also for general Fell bun-
dles. This is not trivial, even for global actions, because the AD-amenability of a
global action requires the existence of a certain net that takes central values (see
Theorem 3.3) while for the WAP this is not explicitly necessary (Definition 6.3).
Let γ be a (global) action of G on the W ∗-algebra N . As usual, we write γ˜ for
the action of G on ℓ∞(G,N) given by γ˜t(f)(r) = γt(f(t−1r)) and view N as the
subalgebra of constant functions in ℓ∞(G,N). Abusing the notation we also use
the same notation for the G-action on functions f ∈ ℓ2(G,N). The following result
gives an explicit characterisation of the W*AP for global actions.
Proposition 6.4. Let γ be a global action of G on a W*-algebra N . Then γ has the
W*AP if and only if there exists a net {ai}i∈I of finitely supported functions ai : G→
N such that {ai}i∈I is bounded in ℓ2(G,N) and {〈ai, bγ˜t(ai)〉2}i∈I w∗-converges to
b for all b ∈ N and t ∈ G.
Proof. We view the fibre of Bγ at t as Nδt and denote its elements by xδt. With
this notation xδtyδs = xγt(y)δts and (xδt)
∗ = γt−1(x∗)δt−1 . Viewing x ∈ N as xδe,
we can then think of a function a : G → N as a function from G to the unit fibre
Nδe ≡ N . If a : G→ N has finite support, then for every t ∈ G and b ∈ N we have:∑
r∈G(a(r)δe)
∗(a(r)δe) =
∑
r∈G a(r)
∗a(r) and∑
r∈G
(a(tr)δe)
∗bδta(r)δe =
∑
r∈G
a(tr)∗bγt(a(r)))δt
=
∑
r∈G
a(r)∗bγt(a(t−1r)))δt = 〈a, bγ˜t(a)〉δt.
The proof follows directly from the computations above and from the fact that
under the identification N → Nδt, x 7→ xδt, the w∗-topology of Nδt is just the
w∗-topology of N . 
In order to show that the W*AD-amenability is equivalent to W*AP for W*-Fell
bundles we shall need the following result:
Lemma 6.5. Let γ be a W*-global action of G on N. Then γ is AD-amenable if
and only if there exists a γ-invariant w∗-dense *-subalgebra A ⊂ N and a bounded
net {ai}i∈I ⊂ ℓ2(G,N) of functions with finite support such that for all b ∈ A and
t ∈ G, {〈ai, bγ˜t(ai)〉2}i∈I w∗-converges to b.
Proof. The direct implication follows from Theorem 3.3 (with A = N). For the
converse we view N as a concrete (unital) von Neumann algebra of operators on
some Hilbert space H , N ⊂ L(H), and take a *-subalgebra A ⊆ N and a net
{ai}i∈I as in the statement. For t ∈ G and i ∈ I we define ϕti : N → N by
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ϕti(b) := 〈ai | bγ˜t(ai)〉. Then (ϕti)i∈I is a net of uniformly bounded linear maps
(with uniform bound c := supi ‖ai‖22 <∞). By assumption ϕti(b)→ b in the weak*-
topology for every b ∈ A and t ∈ G. A standard argument shows that the same
happens for all b in the norm closure of A which is then a (w*-dense) C*-subalgebra
of N . Hence we may assume, without loss of generality, that A is already a C*-
algebra. In particular we may assume that A is closed by continuous functional
calculus and that Λ := {x ∈ A : 0 ≤ x ≤ 1} is an approximate unit for A and thus
w∗-converges to 1N (this follows from the assumption that A is w*-dense in N).
For each (i, λ) ∈ I × Λ we define
Pi,λ : ℓ
∞(G,N)→ N, Pi,λ(f) = 〈λ1/2ai, fλ1/2ai〉,
where the product fλ1/2ai represents the diagonal action of fλ
1/2 ∈ ℓ∞(G,N)
on ℓ2(G,N). Each Pi,λ is a completely positive linear map with norm ‖Pi,λ‖ =
‖λ1/2ai‖22 ≤ c := supi∈I ‖ai‖22 <∞.
Let K be the Hilbert space ℓ2(Λ, H) and define, for each i ∈ I, the function
Pi : ℓ
∞(G,N)→ L(K), Pi(f)g|λ = Pi,λ(f)(g|λ).
If we view K = ℓ2(Λ, H) as the direct sum of Λ-copies of H , then Pi(f) is the
“diagonal” operator formed by the family (Pi,λ)λ. Thus Pi is completely positive
and ‖Pi‖ ≤ c for all i ∈ I.
The set of completely positive maps Q : ℓ∞(G,N) → L(K) with ‖Q‖ ≤ c is
compact with respect to the topology of pointwise w∗-convergence, thus there exists
a completely positive map P : ℓ∞(G,N)→ L(K) and a subnet {Pij}j∈J such that
P (f) = limj Pij (f) in the w
∗-topology for every f ∈ ℓ∞(G,N). By passing to a
subnet we may therefore assume that {Pi}i∈I converges to P for the pointwise
w∗-topology.
As a consequence of the last paragraph we get that, for each f ∈ ℓ∞(G,N) and
λ ∈ Λ, {Pi,λ(f)}i∈I w∗-converges to some Pλ(f). In fact, the map Pλ : ℓ∞(G,N)→
N, f 7→ Pλ(f), is completely positive and ‖Pλ‖ ≤ c for all λ ∈ Λ.
For each λ ∈ Λ we define Qλ : ℓ∞(G,Z(N)) → N ⊆ L(H) as the restriction of
Pλ. We claim that {Qλ}λ∈Λ converges w∗-pointwise. Indeed, it suffices to prove
that for each positive f ∈ ℓ∞(G,Z(N)) the net {Qλ(f)}λ∈Λ is increasing. Take
λ, µ ∈ Λ with λ ≤ µ. Then, for every h ∈ H and i ∈ I:
〈h, Pi,λ(f)h〉 =
∑
r∈G
〈ai(r)h, λ1/2f(r)λ1/2ai(r)h〉
=
∑
r∈G
〈ai(r)h, f1/2(r)λf1/2(r)ai(r)h〉
≤
∑
r∈G
〈ai(r)h, f1/2(r)µf1/2(r)ai(r)h〉 = 〈h, Pi,µ(f)h〉.
Taking limit in i we get 〈h,Qλ(f)h〉 ≤ 〈h,Qµ(f)h〉 and it follows Qλ(f) ≤ Qµ(f).
Let Q : ℓ∞(G,Z(N))→ N be the pointwise w∗-limit of {Qλ}λ∈Λ.
Let us prove that the image of Q is contained in Z(N). It suffices to show that
for f ∈ ℓ∞(G,Z(N))+ and a self-adjoint b ∈ A, Q(f)b is self-adjoint. Let {Pλj}j∈J
be a pointwise w∗-convergent subnet of {Pλ}λ∈Λ. Clearly, both fb and P (fb) are
self-adjoint. We claim that Q(f)b = P (fb). Fix h, k ∈ H. Using the inner product
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of ℓ2w∗(G,N)⊗N H in the following computations, we deduce
|〈h, (Q(f)b− P (fb))k〉| = lim
j
lim
i
|〈λ1/2j ai ⊗ h, f
(
λ
1/2
j ai ⊗ bk − bλ1/2j ai ⊗ k
)
〉|
≤ lim
j
lim
i
√
c‖h‖‖f‖‖λ1/2j ai ⊗ bk − bλ1/2j ai ⊗ k‖.
The double limit above is zero because limj limi ‖λ1/2j ai ⊗ bk − bλ1/2j ai ⊗ k‖2 is
lim
j
lim
i
〈bk, 〈ai, λjai〉bk〉+ 〈k, 〈ai, λ1/2j b2λ1/2j ai〉k〉−
− lim
j
lim
i
〈bk, 〈ai, λ1/2j bλ1/2j ai〉k〉 − 〈k, 〈ai, λ1/2j bλ1/2j ai〉bk〉
= lim
j
〈bk, λjbk〉+〈k, λ1/2j b2λ1/2j k〉 − 〈bk, λ1/2j bλ1/2j k〉 − 〈k, λ1/2j bλ1/2j bk〉
= 〈bk, bk〉+ 〈k,b2k〉 − 〈bk, bk〉 − 〈k, bbk〉 = 0.
This shows that Q(f)b = P (fb). From now on we think of Q as a completely
positive map from ℓ∞(G,Z(N)) to Z(N).
We claim that Q is a projection. Take a ∈ Z(N). Then, in the wot topology:
Q(a) = lim
λ
lim
i
Pi,λ(a) = lim
λ
lim
i
〈ai, λaai〉 = lim
λ
lim
i
a〈ai, λai〉 = lim
λ
aλ = a.
In particular Q(1) = 1, so Q is a norm one projection. The proof will be completed
once we show Q is equivariant.
Suppose we can prove, for all f ∈ ℓ∞(G,Z(N)), that
(6.6) Qλ(γ˜t(f)) = γt(Qγ
t−1(λ)
(f)).
Since {γt(λ)}λ∈Λ is a subnet of {λ}λ∈Λ, if we take the w∗-limit in (6.6) we obtain
Q(γ˜t(f)) = lim
λ
Qλ(γ˜t(f)) = γt(lim
λ
Qγ
t−1(λ)
(f)) = γt(Q(f)).
Hence the proof will be complete after we show (6.6).
Fix f ∈ ℓ∞(G,Z(N))+, λ ∈ Λ and t ∈ G. In the w∗-topology:
Qλ(γ˜t(f)) = lim
i
〈λ1/2ai, γ˜t(f)λ1/2ai〉 = lim
i
γt(〈γ˜t−1 (ai), γt−1(λ)fγ˜t−1(ai)〉)
We know that the net {〈γ˜t−1(ai), γt−1(λ)fγ˜t−1(ai)〉}i∈I w∗-converges. We only need
to prove it wot-converges to Qγ
t−1(λ)
(f). To avoid the annoying inverse t−1, we
change t by t−1.
Note that 〈γ˜t(ai), γt(λ)fγ˜t(ai)〉 = 〈f1/2γ˜t(λ1/2ai), f1/2γ˜t(λ1/2ai)〉 is self-adjoint,
and so it is Qγt(λ)(f). Thus, it suffices to show that, for all h ∈ H,
lim
i
〈h, 〈γ˜t(ai), γt(λ)fγ˜t(ai)〉h〉 = 〈h,Qγt(λ)(f)h〉
In any Hilbert space we have |‖x‖2 − ‖y‖2| ≤ (‖x‖ + ‖y‖)‖x− y‖. In particular
we use this inequality in ℓ2w∗(G,N)⊗N H :
lim
i
|〈h, 〈γ˜t(ai),γt(λ)fγ˜t(ai)〉h〉 − 〈h,Qγt(λ)(f)h〉| =
= lim
i
|‖f1/2γ˜t(λ1/2ai)⊗ h‖2 − ‖f1/2γt(λ1/2)ai ⊗ h‖2|
≤ lim
i
2‖f‖1/2‖ai‖2‖h‖‖f1/2(γ˜t(λ1/2ai)− γt(λ1/2)ai)⊗ h‖
≤ lim
i
2‖f‖‖ai‖2‖h‖‖γt(λ1/2)(γ˜t(ai)− ai)⊗ h‖
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Moreover, {‖ai‖2}i∈I is bounded and the limit of {‖γt(λ1/2)(γ˜t(ai)− ai)⊗ h‖2}i∈I
is
lim
i
〈h, γt(〈ai, λai〉)h〉+ 〈h, 〈ai, γt(λ)ai〉h〉−
− lim
i
〈h, 〈γ˜t(ai), γt(λ)ai〉h〉+ 〈h, 〈ai, γt(λ)γ˜t(ai)〉h〉
= 〈h, γt(λ)h〉+ 〈h, γt(λ)h〉 − 〈h, γt(λ)h〉 − 〈h, γt(λ)h〉 = 0.
This implies (6.6) and the proof is complete. 
The next remark will be extremely useful to show that W*AD-amenability and
the W*AP are equivalent.
Remark 6.7. For a Fell bundle B = {Bt}t∈G and an ordered set F = {t1, . . . , tn} ⊂
G, the algebraMF (B) formed by the n×nmatricesM = (Mi,j)ni,j=1 such thatMi,j ∈
Btit−1j
, is a C*-algebra with usual matrix involution and multiplication [6, Lemma
2.8]. The C*-norm is equivalent to ‖M‖∞ := maxi,j‖Mi,j‖ and each Btit−1j may be
isometrically identified with a subspace of MF (B). Moreover, MF (B)′′ = MF (B′′).
Theorem 6.8. A W*-Fell bundle is W*AD-amenable if and only if it has the
W*AP.
Proof. Assume that the W*-Fell bundle M over the group G is W*AD-amenable.
By Corollary 5.20 the central partial action γ on Z := Z(Me) is W*AD-amenable.
Let δ be the W*-enveloping action of γ, acting on the commutative W*-algebra Y.
We know that Z is a W*-ideal of Y and that δ is W*AD-amenable.
Let {ξi}i∈I ⊂ ℓ2(G, Y ) be a net for γ as in Theorem 3.3 and let p ∈ Y be the
unit of Z. We define ai := ξip and claim that {ai}i∈I ⊂ ℓ2(G,Z) is a net as in the
definition of the W*AP.
First of all note that {ai}i∈I is bounded because 〈ai, ai〉 = p〈ξi, ξi〉, for all i ∈ I.
If pt is the unit of Zt = Z ∩ δt(Z), then for every t ∈ G and x ∈ Mt we have (by
the definition of the central partial action):
lim
i
∑
r∈G
ai(tr)
∗xai(r) = lim
i
∑
r∈G
ai(tr)
∗xpt−1ai(r) = lim
i
∑
r∈G
ai(tr)
∗γt(pt−1ai(r))x
= lim
i
∑
r∈G
pξi(tr)
∗ptδt(p)δt(ξi(r))x = lim
i
pt〈ξi, δ˜t(ξi)〉x
= ptx = x,
where the limits are taken in the w∗-topology. This shows that M has the W*AP.
Now assume thatM has the W*AP. We will show that the canonical W*-action
βw
∗
on kw∗(M) is W*AD-amenable using Lemma 6.5 and Theorem 3.3. We set
γ := βw
∗
, N := kw∗(M) and A := kc(M). Recall that N is a W*-completion of
k(M) and that A is norm dense in k(M). Hence A is w∗-dense in N. Moreover, A
is γ invariant because A is invariant under the canonical action on k(M).
We claim that MF (M) is a W*-subalgebra of N. This is important because in
such a case the convergence in the topology of MF (M) relative to the w∗-topology
of N is just entrywise w∗-convergence on the matrix algebra MF (M).
Recall that we defined N = kw∗(M) as the w∗-closure of the image of the map
πβ : k(M) → ℓ∞(G,L(ℓ2w∗(M))) (see section 5.4). Thus it suffices to prove that
the image of ρ : MF (M) → L(ℓ2w∗(M)), ρ(k)f(r) =
∑
s∈G k(r, s)f(s), is a W*-
subalgebra. Here we think of the matrix k as a kernel of compact support. For all
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f, g ∈ ℓ2w∗(M) the map MF (M)→Me, k 7→ 〈f, ρ(k)g〉 is w∗-continuous. Hence the
closed unit ball ρ(MF (M))1 is w∗-compact by Lemma A.2, so we conclude that the
image of ρ is a W*-subalgebra.
Take a net of functions {aj}j∈J as in the definition of W*AP for M. Let F be
the set of finite subsets of G and consider Ξ := F×J as a directed set with the order
(U, j) ≤ (V, i) ⇔ U ⊆ V and j ≤ i. For each ξ = (U, j) ∈ Ξ let aξ : G → MU (M)
be such that for every r ∈ G, aξ(r) is the diagonal matrix with all the entries
in the diagonal equal to aj(r). Note ‖〈aξ, aξ〉‖ = ‖〈aj , aj〉‖. Observe also that
γt(MU (M)) = MUt−1(M).
Fix t ∈ G and k ∈ A. Take a finite set U0 ⊆ G such that supp(k) ⊆ U0 × U0. If
ξ = (U, i) ∈ Ξ is such that U ⊇ U0 ∪ U0t, that is, U0 ⊆ U ∩ Ut−1, then
〈aξ, kγ˜t(aξ)〉 =
∑
r∈G
aξ(tr)
∗kγt(aξ(r)),
and aξ(tr)
∗kγt(aξ(r)) ∈ Msupp(k)(M). Moreover, considering the left and right
entrywise action of Me on Msupp(k)(M), aξ(tr)∗kγt(aξ(r)) = aj(tr)∗kaj(r). It is
then clear that limξ〈bξ, kγ˜t(bξ)〉 = k w∗-entrywise and hence w∗ in N. 
Remark 6.9. In the proof above we incidentally showed that the net {ai}i∈I in the
Definition of the W*AP can be taken in the unit ball of ℓ2(G,Z(Me)), without
altering the definition.
Corollary 6.10. A W*-partial (resp. C*-partial) action has the W*AP (resp.
WAP) if and only if it is W*AD-amenable (resp. AD-amenable).
Proof. Follows at once from the Theorem above and Remark 5.23. 
Our next goal is to give alternative characterisations of the WAP for Fell bundles.
Theorem 6.11. For every Fell bundle B over a group G the following are equiva-
lent:
(i) B is AD-amenable.
(ii) B has the WAP.
(iii) B′′ is the W*AD-amenable.
(iv) B′′ has the W*AP.
(v) There exists a bounded net {ai}i∈I ⊂ ℓ2(G,Z(B′′e )) of functions with finite
support such that, for every t ∈ G and b ∈ Bt, limi
∑
r∈G ai(tr)
∗bai(r) = b in
B′′t with respect to the w
∗-topology.
(vi) There exists a bounded net {ai}i∈I ⊂ ℓ2(G,Be) of functions with finite support
such that, for every t ∈ G and b ∈ Bt, limi
∑
r∈G ai(tr)
∗bai(r) = b in the weak
topology of Bt.
Proof. The equivalences between (i) and (iii) and between (ii) and (iv), follow
directly from the definitions of AD and W*AD amenability, and of WAP and W*AP
properties. We know from the previous theorem that B′′ is W*AD-amenable if and
only if it has the W*AP, hence (iii) and (iv) are equivalent. By Remark 6.9, (iv)
and (v) are equivalent. To prove that (vi) implies (iv) we can proceed exactly
as in the proof of the converse in Theorem 6.8, noticing that convergence in the
weak topology of MF (B) is entrywise convergence in the weak topology and, also,
w∗-convergence in MF (B)′′ = MF (B′′).
We now prove that (iv) implies (vi). First we indicate how to approximate ele-
ments of ℓ2(G,B′′e ) by elements of ℓ2(G,Be) in a certain particular way. We start by
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representing ℓ2(G,B′′e ) and ℓ2(G,Be) faithfully. Let π : B′′ → L(H) be a nondegen-
erate *-representation, fiber-wise faithful and w∗-continuous (we constructed one
such representation in the proof of Theorem 5.2). Define ρ := π|B′′e : B′′e → L(H)
and note that we have canonical identifications
K := ℓ2(G,H) = ℓ2(G,Be)⊗ρ H = ℓ2(G,B′′e )⊗ρ H.
The map πˆ : ℓ2(G,B′′e ) → L(H,K), πˆ(f)h(r) = π(f(r))h is a faithful representa-
tion of the C∗-ternary ring ℓ2(G,B′′e ). Then we have a canonical nondegenerate
representation πˆl : K(ℓ2(G,B′′e )) → L(K) such that πˆl(T )π(f) = π(Tf), and thus
we get a nondegenerate representation of the linking algebra L of ℓ2(G,B′′e ):
πˆL : L→ L(K ⊕H) πˆL
(
T f
g˜ S
)
=
(
πˆl(T ) πˆ(f)
πˆ(g)∗ πˆr(S)
)
,
where πˆr : B′′e → L(H) is just ρ.
Fix an element c ∈ Cc(G,B′′e ). Using a net in Be to approximate c(t) (for each
t in the finite support of c) with respect to the w*-topology, we can construct a
net {ci}i∈I ⊂ Cc(G,Be) such that supp(ci) ⊂ supp(c) and ci(t) → c(t) in the w∗-
topology for every t ∈ G. This construction implies that {πˆ(ci)}i∈I wot−converges
to πˆ(c) because, for all h ∈ H and k ∈ K:
lim
i
〈πˆ(ci)h, k〉 = lim
i
∑
r∈supp(c)
〈π(ci(r))h, k(r)〉 = 〈πˆ(c)h, k〉.
It follows from the previous comments that πˆ(c) ∈ πˆ(Cc(G,Be))wot. Now, according
to [36, Theorem 4.8] and [19, Part I Ch. 3], the unit ball of πˆL(L) is *-strongly
dense in the unit ball of πˆL(L)′′, and this bicommutant is the wot−closure of πˆL(L).
Hence there exists a net {
(
Tj aj
b˜j Sj
)
}j∈J ⊆ L in the closed ball of radius ‖πˆ(c)‖ = ‖c‖
such that {πˆL
(
Tj aj
b˜j Sj
)
}j∈J converges to
(
0 πˆ(c)
0 0
)
*-strongly. Then, in the strong
operator topology:
lim
j
(
0 πˆ(aj)
0 0
)
= lim
j
( 1 00 0 ) πˆ
L
(
Tj aj
b˜j Sj
)
( 0 00 1 ) = (
1 0
0 0 )
(
0 πˆ(c)
0 0
)
( 0 00 1 ) =
(
0 πˆ(c)
0 0
)
.
Now we arrange the supports of the aj ’s to be contained in supp(c). Let P ∈
L(K) = L(ℓ2(G,H)) be the multiplication by the indicator function of supp(c).
Then, in the strong operator topology: limj P πˆ(aj) = P πˆ(c) = πˆ(c) and P πˆ(aj) =
πˆ(aj |supp c). Thus we are allowed to assume supp(aj) ⊆ supp(c) for all j ∈ J . We
must retain the following facts about the net {aj}j∈J ⊆ ℓ2(G,Be):
• supp(aj) ⊆ supp(c) for all j ∈ J .
• ‖aj‖ ≤ ‖c‖ for all j ∈ J, with the norm of ℓ2(G,Be).
• {πˆ(aj)}j∈J converges strongly to πˆ(c).
We claim that these conditions imply, for every t ∈ G, b ∈ Bt and ϕ ∈ B′t, that
(6.12) lim
j
ϕ
(∑
r∈G
aj(tr)
∗baj(r)
)
= ϕ
(∑
r∈G
c(tr)∗bc(r)
)
.
In other words, we claim that the net {∑r∈G aj(tr)∗baj(r)}k∈J weakly converges to∑
r∈G c(tr)
∗bc(r) in Bt. Indeed, since π|B′′
t
is an isomorphism over its image, and a
homeomorphism considering in B′′e and in L(H) the w*-topology and the ultraweak
topology σw respectively, it is enough to prove that π(
∑
r∈G aj(tr)
∗baj(r))
σw→
π(
∑
r∈G c(tr)
∗bc(r)).
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Let U : G→ L(K) = L(ℓ2(G,H)) be the unitary representation given by Utf(r) =
f(t−1r), and πG : B′′ → L(K) be the ℓ2-direct sum of G copies of π, that is,
πG(b)f(r) := π(b)f(r). Note that {∑r∈G aj(tr)∗baj(r)}j∈J is bounded because,
for all u, v ∈ H ,
(6.13) 〈u, π
(∑
r∈G
aj(tr)
∗baj(r)
)
v〉 = 〈U∗t πˆ(aj)u, πG(b)πˆ(aj)v〉.
Since the ultraweak topology coincides with the weak operator topology on bounded
sets, to prove (6.12) it is enough to show that {π(∑r∈G aj(tr)∗baj(r))}j∈J converges
to π(
∑
r∈G c(tr)
∗bc(r)) in the wot topology. But our construction of {aj}j∈J and
(6.13) implies
lim
j
〈u, π
(∑
r∈G
aj(tr)
∗baj(r)
)
v〉 = lim
j
〈U∗t πˆ(aj)u, πG(b)πˆ(aj)v〉
= 〈U∗t πˆ(c)u, πG(b)πˆ(c)v〉
= 〈u, π
(∑
r∈G
c(tr)∗bc(r)
)
v〉.
Therefore (6.12) holds (note that (6.13) does not imply (6.12) if we only know that
π(ai)
wot→ π(c)).
Now assume that B′′ has the W*AP and take a net {ci}i∈I as in the defini-
tion of the W*AP for B′′, with all the ci’s with compact support. Set M :=
supi∈I ‖
∑
t∈G ci(t)
∗ci(t)‖ and let F and F ′ be the families of finite subsets of B
and ⊎t∈GB′t,1, respectively, where B′t,1 is the closed unit ball of B′t. On Λ :=
(0, 1)×F×F ′ we consider the canonical order (ε, U, V ) ≤ (δ, Y, Z)⇔ δ ≤ ε, U ⊆ Y
and V ⊆ Z. For every λ = (ε, U, V ) ∈ Λ there exists i0 ∈ I such that, for every
t ∈ G, b ∈ Bt ∩ U and ϕ ∈ B′t ∩ V ,∣∣∣∣∣ϕ
(
b −
∑
r∈G
ci0(tr)
∗bci0(r)
)∣∣∣∣∣ < ε/2.
Our approximation procedure ensures the existence of aλ ∈ ℓ2(G,Be) such that:
supp(aλ) ⊆ supp(ci), ‖aλ‖2 ≤ ‖ci‖2 ≤M and∣∣∣∣∣ϕ
(
b−
∑
r∈G
aλ(tr)
∗baλ(r)
)∣∣∣∣∣ < ε,
for every t ∈ G, b ∈ Bt ∩ U and ϕ ∈ B′t ∩ V . It is then clear that {aλ}λ∈Λ is a net
satisfying (vi). 
Remark 6.14. By the proof above and Remark 6.9, we could replace the condition
“bounded net” in the the last Theorem by “net in the closed unit ball” without
changing the conclusions.
Corollary 6.15. A Fell bundle B has the WAP if and only if the canonical action
on its C*-algebra of kernels k(B) is AD-amenable.
Proof. Follows from Theorem 6.11 and Corollary 5.26. 
Corollary 6.16. The AP implies the WAP.
Proof. The AP clearly implies condition (vi) of Theorem 6.11. 
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Notice that by Example 3.7 every group partially acts AD-amenably on C, so that
the above situation does happen for every group. For global actions the situation
is different: no non-amenable group can act globally AD-amenably on a finite
dimensional non-zero C*-algebra.
Remark 6.17. We do not know if the WAP implies (and hence is equivalent to) the
AP in general. We will show in Section 8 that this is true at least in the case of
Fell bundles whose unit fibre is (Morita equivalent to) a commutative C*-algebra.
6.1. Invariance under equivalences. We have shown that AD-amenability of
Fell bundles is equivalent to the WAP and both are preserved by the weak equiva-
lence of Fell bundles. But, is the AP preserved by weak equivalence of Fell bundles?
Every Fell bundle B is weakly equivalent to the semidirect product bundle of an
action α on a C*-algebra, see [5]. Moreover, α is unique up to Morita equivalence of
actions and the equivalence class is that of the canonical action on the C*-algebra
of kernels of B, see [2].
In order to show that the AP is preserved by weak equivalences we decompose
such equivalences into “elementary” pieces. By [5], every weak equivalence (repre-
sented by ∼) between the Fell bundles A and B (over G) can be decomposed as a
chain of equivalences
(6.18) A ≈ Bα ∼ Bγ ≈ Bσ ∼ Bβ ≈ B,
where ≈ represents strong equivalence and
• α and β are partial actions of G on C*-algebras.
• γ (σ) is the canonical action of G on the C*-algebra of kernels of A (B,
respectively) and it is also the C*-enveloping action of α (β, respectively).
The advantage of this decomposition is that we have changed a weak equivalence
for some strong equivalences and a very specific type of weak equivalence: that of
C*-enveloping actions.
Lemma 6.19. The AP is preserved by strong equivalence of Fell bundles.
Proof. Suppose A and B are Fell bundles over G, A has the AP and X is an A-B-
weak equivalence bundle. Let {ai}i∈I be a set of functions for A as in the definition
of the AP.
Let F be the collection of finite subsets of X and consider in Λ := F × (0,+∞)
the order (U, ε) ≤ (V, δ)⇔ U ⊆ V and δ ≤ ε. We will construct a net of functions
{bλ}λ∈Λ, bλ : G→ Be, with finite supports such that
• supλ∈Λ ‖
∑
r∈G bλ(r)
∗bλ(r)‖ ≤ supi∈I ‖
∑
r∈G ai(r)
∗ai(r)‖ <∞
• For every λ = (U, V, ε) ∈ Λ and u, v ∈ U , if 〈u, v〉B ∈ Bt then∥∥∥∥∥∑
r∈G
bλ(tr)
∗〈u, v〉Bbλ(r) − 〈u, v〉B
∥∥∥∥∥ < ε.
This will clearly suffice to complete the proof because, for every t ∈ G,
span{〈u, v〉B : u ∈ Xr, v ∈ Xrt, r ∈ G} = Bt.
Fix λ = (U, ε) ∈ Λ. Take a positive c ∈ Be such that ‖c‖ < 1 and ‖c〈u, v〉Bc −
〈u, v〉B‖ < ε for all u, v ∈ U . By [6] we can assume c =
∑n
j=1〈xj , xj〉B for some
x1, . . . , xn ∈ Xe. Define, for every i ∈ I, bi : G→ Be as bi(r) :=
∑n
j=1〈xj , ai(r)xj〉B.
The function bλ will be one of the bi’s, that we will indicate how to choose.
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We claim that ‖∑r∈G bi(r)∗bi(r)‖ ≤ ‖∑r∈G ai(r)∗ai(r)‖. Let F = {t1, . . . , tn}
be such that xj ∈ Xtj (j = 1, . . . , n). Define M := MF (A) as in Remark 6.7. The
direct sum E := Xt1 ⊕ · · · ⊕Xtn is an M-Be-Hilbert bimodule (not full in general).
If we think of the elements of E as column matrices, the action of M is given by
matrix multiplication and the left inner product is M〈ξ, η〉 = ξη∗ = (A〈ξi, ηj〉)ni,j=1.
If x is the column vector (x1, . . . , xn)
t ∈ E, then ‖x‖2 = ‖c‖ < 1 and∥∥∥∥∥∑
r∈G
bi(r)
∗bi(r)
∥∥∥∥∥ =
∥∥∥∥∥∥
∑
r∈G
n∑
j,k=1
〈ai(r)∗A〈xk, xj〉ai(r)xj , xk〉B
∥∥∥∥∥∥
=
∥∥∥∥∥∑
r∈G
〈diag(ai(r))∗M〈x, x〉diag(ai(r))x, x〉Be
∥∥∥∥∥
≤
∥∥∥∥∥M〈x, x〉‖〈diag(∑
r∈G
ai(r)
∗ai(r))x, x〉Be
∥∥∥∥∥
≤ ‖x‖2
∥∥∥∥∥∑
r∈G
ai(r)
∗ai(r)
∥∥∥∥∥ ‖x‖2 ≤
∥∥∥∥∥∑
r∈G
ai(r)
∗ai(r)
∥∥∥∥∥ .
Now take u, v ∈ U and let t ∈ G be such that 〈u, v〉B ∈ Bt. For all i ∈ I we have∑
r∈G
bi(tr)
∗〈u, v〉Bbi(r) =
∑
r∈G
n∑
j,k=1
〈xj , ai(tr)xj〉B∗〈u, v〉B〈xk, ai(r)xk〉B
=
∑
r∈G
n∑
j,k=1
〈u〈xj , ai(tr)xj〉B, v〈xk, ai(r)xk〉B〉B
=
∑
r∈G
n∑
j,k=1
〈A〈u, xj〉ai(tr)xj ,A〈v, xk〉ai(r)xk〉B
=
n∑
j,k=1
〈
∑
r∈G
ai(t
−1r)∗A〈xk, v〉A〈u, xj〉ai(r)xj , xk〉B.
Note that A〈xk, v〉A〈u, xj〉 = A〈xk〈u, v〉∗B, xj〉 ∈ At−1 . Then, taking limit in i,
lim
i
∑
r∈G
bi(tr)
∗〈u, v〉Bbi(r) =
n∑
j,k=1
〈lim
i
∑
r∈G
ai(r)
∗A〈xk, v〉A〈u, xj〉ai(r)xj , xk〉B
=
n∑
j,k=1
〈A〈xk, v〉A〈u, xj〉xj , xk〉B
=
n∑
j,k=1
〈u〈xj , xj〉B, v〈xk xk〉B〉B = c〈u, v〉Bc.
We then can choose i0 ∈ I such that ‖
∑
r∈G bi0(tr)
∗〈u, v〉Bbi0(r)−〈u, v〉B‖ < ε for
all u, v ∈ U . Thus we take bλ := bi0 . 
Lemma 6.20. Let B be a Fell bundle. If B has the AP and β is the canonical
action on the C*-algebra of kernels of B, then β has the AP.
Proof. Take a net of functions {bj}j∈J ⊂ ℓ2(G,Be) as in the definition of the AP
and construct a net {bξ}ξ∈Ξ ⊂ ℓ2(G, k(B)) exaclty as in the proof of Theorem 6.8.
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This time we can ensure that, for every k ∈ kc(B), {〈bλ, kβ˜tbλ〉}λ∈Λ converges
(entrywise) in norm to k. The rest follows from Remark 6.2. 
Lemma 6.21. Let α be a partial action of a group G on a C*-algebra A. If a
Morita enveloping action of α has the AP then α has the AP.
Proof. Suppose β is a Morita enveloping action of α. By definition α is Morita
equivalent to a restriction of β, but Lemma 6.19 implies the AP is preserved under
Morita equivalence of actions. Thus we may assume β is an enveloping action of
α. We assume β is an action of G on B and recall that At = βt(A) ∩ A and
αt(a) = βt(a). Moreover, Bα is a Fell subbundle of Bβ. We think of A and B as
the unit fibres of these bundles.
Let {bi}i∈I be a net of functions, as in the definition of the AP for the bundle
Bβ. Take a positive c ∈ A with ‖c‖ < 1 and any aδt ∈ Bα. By cbi we mean the
function r 7→ cbi(r). Note that cbi is an A valued function. Making the following
computations in Bβ we deduce
(6.22) lim
i
∑
r∈G
(cbi)(tr)
∗(aδt)(cbi)(r) = lim
i
∑
r∈G
bi(tr)
∗caβt(c)bi(r)δt = caβt(c).
Since a ∈ At, if we replace c by an approximate unit of A and take limit then
caβt(c) converges to a. Imitating the ideas we used to prove Lemma 6.19 to show
that Bα has the AP, we can construct a net of functions (for Bα) indexed over
I ×F × (0,+∞), where F is the family of finite subsets of Bα. We leave this task
to the reader. 
Now we use Lemmas 6.19 and 6.21 to prove our next Theorem, which in turn
implies those lemmas.
Theorem 6.23. The AP is preserved by the weak equivalences of Fell bundles.
Proof. Let A and B be weakly equivalent Fell bundles and consider the equivalences
in (6.18). Recall that γ and σ are the canonical actions on the algebras of kernels
of A and B, respectively. If A has the AP then, by Lemmas 6.20 and 6.19, Bσ has
the AP. Now Lemmas 6.21 and 6.19 imply that B has the AP. 
Remark 6.24. We know that Theorem 6.23 (and hence also Corollary 6.25, Lem-
mas 6.21, 6.20 and 6.19) hold if we replace the AP by the WAP because, by The-
orem 6.11 and Corollary 5.25, the WAP is equivalent to AD-amenability and both
are preserved by weak equivalence of Fell bundles.
The converse of Lemma 6.21 is also true.
Corollary 6.25. Let α be a partial action of G on a C*-algebra A. Then α has
the AP if and only if one (hence all) Morita enveloping action of α has the AP. In
particular the double dual (global) action of G on A⋊α G⋊α̂ G has the AP if and
only if α has the AP.
Proof. This follow from Theorem 6.23 and the fact that Bα is weakly equivalent
to the semidirect product bundle of each Morita enveloping action of α. Moreover,
the double dual action on A⋊α G⋊α̂ G is a Morita enveloping action of α, which
is isomorphic to the canonical action on the C∗-algebras of kernels under the iso-
morphism k(Bα) ∼= C∗(Bα)⋊δB G ∼= A⋊αG⋊α̂G by [2, Proposition 8.1], where δB
denotes the dual coaction on C∗(Bα) as in Section 5.5. 
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Corollary 6.26. If a partial action α of G on A admits an enveloping global action
β of G on B, then α has the AP if and only if β has the AP.
Remark 6.27. By Remark 6.24 the AP and the WAP are equivalent if and only
if they are equivalent for actions on C*-algebras. Thus the AP and the WAP
agree if and only if every AD-amenable action has the AP. This is an important
question that will be left open. A positive answer would solve another important
question raised by Exel: if the reduced cross-sectional C*-algebra C∗r (B) of a Fell
bundle (over a discrete group) is nuclear, does it follow that B has the AP? By
our Proposition 7.3 below this would follow if we know that the AD-amenability
implies the AP.
Corollary 6.28. Let B be a Fell bundle and β the canonical action on the C∗-al-
gebra of kernels of B. Then B has the AP if and only if β has the AP.
Proof. Recall that B is weakly equivalent to Bβ , as we discussed at the beginning
of Section 6.1. The conclusion now follows from Theorem 6.23. 
7. Cross-sectional C*-algebras and the WAP
After Theorem 6.11 we can think of the WAP as the Fell bundle counterpart
of AD-amenability of noncommutative C∗-dynamical systems. In fact many well-
known results about AD-amenable actions hold for Fell bundles with the WAP.
We start with a result involving W*-Fell bundles.
Proposition 7.1. Let M = {Mt}t∈G be a W*-Fell bundle. Then the following
assertions are equivalent.
(i) Me injective andM has the W*AP (or, equivalently, M is W*AD-amenable);
(ii) kw∗(M) is injective and its canonical W ∗-action βw∗ has the W*AP (or is
W*AD-amenable);
(iii) kw∗(M)⋊¯βw∗G is injective;
(iv) W ∗r (M) is injective.
Proof. First notice that Me is injective if and only if the W
∗-algebra of kernels
kw∗(M) is injective. Indeed, Me is W ∗-Morita equivalent to L(ℓ2w∗(M)) (via the
W ∗-equivalence bimodule ℓ2w∗(M))); it follows that Me is injective if and only if
L(ℓ2w∗(M)) is injective. But kw∗(M) carries a W*-action that is enveloping for a
partial W ∗-action on L(ℓ2w∗(M)). The claim now follows from Remark 2.9. Also
observe that Me is injective if W
∗
r (M) is injective because we have a canonical
(normal) conditional expectation W ∗r (M)։Me (Remark 5.28).
The discussion above implies that (1) is equivalent to (2). Since (2) involves a
W ∗-action, (2)⇔(3) by Theorem 3.3. Finally, (3)⇔(4) by Corollary 5.30. 
Proposition 7.2. Let B be a Fell bundle and let π : C∗(B)→ C∗r (B) be the canon-
ical map between the full and reduced cross-sectional C∗-algebras [20, 22]. If B has
the WAP then π is an isomorphism.
Proof. Since B has the WAP, the canonical action β on the C∗-algebra of kernels
of B is AD-amenable (Corollary 6.15). Hence the full and reduced cross-sectional
algebras C∗(Bβ) and C∗r (Bβ) (i.e. the full and reduced β-crossed product) are
canonically isomorphic. This implies that π is an isomorphism, see [5, 6]. 
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Proposition 7.3 (c.f. [10, Théorème 4.5]). Let B be a Fell bundle over a group G
with Be nuclear. Then the following are equivalent:
(i) C∗(B) is nuclear.
(ii) C∗r (B) is nuclear.
(iii) B has the WAP.
Proof. Let k(B) be the C∗-algebra of kernels and β the canonical action of G on
k(B). By the proof of [5, Theorem 6.3], k(B) is nuclear. Moreover, by Corollary 6.15
and [10, Théorème 4.5], (3) is equivalent to any of the following:
(1’) k(B)⋊β G := C∗(Bβ) is nuclear.
(2’) k(B)⋊r,β G := C∗r (Bβ) is nuclear.
(3’) β is AD-amenable.
Since nuclearity is preserved by Morita equivalence of C∗-algebras, by [5] and [6]
we know that (n) is equivalent to (n’), for n = 1, 2, 3. 
When specialised to partial actions the above proposition takes the following
form:
Corollary 7.4. Let α be a partial action of the group G on a nuclear C∗-algebra
A. Then the following are equivalent:
(i) The full crossed product A⋊α G is nuclear.
(ii) The reduced crossed product A⋊α,r G is nuclear.
(iii) α is AD-amenable.
Proof. Follows directly from the last Proposition and Corollary 6.10. 
The last two results are examples of a general way of extending known results
from C∗-actions to Fell bundles. The trick is to use the weak equivalence of Fell
bundles and the canonical action on the C∗-algebra of kernels. We use this very
same idea to treat exactness of cross sectional C∗-algebras, but first we introduce
the spatial tensor product of a Fell bundle (over a discrete group) and a C∗-algebra.
This construction is a special case of the tensor products of Fell bundles developed
in [4]. We recall the basic facts here for the convenience of the reader.
Take a Fell bundle B and a C∗-algebra C. Let Lt be the linking algebra of Bt
and define Bt⊗¯C as the closure of the algebraic tensor product Bt ⊙ C in Lt⊗¯C.
We claim that B ⊗ C := {Bt ⊗ C}t∈G is a Fell bundle with a multiplication and
involution such that (a⊗ x)(b ⊗ y) = ab⊗ xy and (a⊗ x)∗ = a∗ ⊗ x∗.
For future purposes, and to prove B⊗C is actually a Fell bundle, it is convenient
to indicate how to construct this bundle using a representation of B. Let T : B →
L(H) be a nondegenerate *-representation (in the sense of [21]) with T |Be faithful
and take a nondegenerate and faithful representation π : C → L(K) (here H and
K are Hilbert spaces). Consider, for each t ∈ G, the map ρt : Lt → L(H ⊕ H) =
M2(L(H)) such that
ρt
(
a b
c d
)
=
(
Ta Tb
T ∗c Td
)
, a ∈ span(BtB∗t ), b, c ∈ Bt, d ∈ span(B∗tBt).
Then we get the canonical (linear and injective) map ρt⊗ π : Lt⊗¯C → L(H2⊗K).
If we restrict this map to Bt⊗¯C we note that H⊗K = (H⊕0)⊗K ⊂ H2⊗K is an
invariant subspace and that the compression (of the restriction) to this subspace is
an isometric linear representation ofBt⊗¯C. Hence we obtain the map T ⊗¯π : B⊗C →
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L(H ⊗ K) which is linear isometric on each fiber and T ⊗¯π(a ⊗ c) = Ta ⊗ π(c).
Note that T ⊗¯π(Bs⊗¯C)T ⊗¯π(Bt⊗¯C) ⊂ T ⊗¯π(Bst⊗¯C) and that T ⊗¯π(Bs⊗¯C)∗ =
T ⊗¯π(Bs−1⊗¯C). Thus we are forced to define the multiplication and involution of
B⊗¯C in such a way that T ⊗¯π(xy) = T ⊗¯π(x)T ⊗¯π(y) and T ⊗¯π(x∗) = T ⊗¯π(x)∗.
Proposition 7.5. If B is a Fell bundle, then Be is exact if and only if k(B) is
exact.
Proof. In the proof of Theorem 6.8 we constructed an inclusion MF (M) ⊂ kw∗(M).
That inclusion can be used to prove that k(B) is the direct limit of {MF (B)}F , where
F runs over the finite subsets of G. Hence k(B) is exact if and only if MF (B) is exact
for every finite set F ⊂ G. Notice that if we take F = {e} we conclude that Be is
exact if k(B) is.
Assume Be is exact and take a finite set F ⊂ G and a short exact sequence
(SES) of C∗-algebras I →֒ A։ A/I. For every t ∈ G the linking algebra of Bt, Lt,
is an exact C∗-algebra because it is Morita equivalent to the ideal span(B∗tBt) of
Be. Thus we get the SES Lt⊗¯I →֒ Lt⊗¯A ։ Lt⊗¯A/I and, by our construction of
spatial tensor products, we obtain the following SES of Fell bundles
B⊗¯I →֒ B⊗¯A։ B⊗¯A/I.
By entrywise computation of the maps above we get the SES
(7.6) MF (B⊗¯I) →֒ MF (B⊗¯A)։ MF (B⊗¯A/I).
Using a nondegenerate representation T : B → L(H) with T |Be faithful and
representing I faithfully, I ⊂ L(K), we can think of MF (B⊗¯I) as a subalgebra of
L(Hn⊗K) = L((H ⊗K)n). But we can also represent B⊗¯I in L(H ⊗K) and thus
we get a faithful representation MF (B⊗¯I) ⊂ L((H ⊗K)n). It turns out that, after
taking faithful representations, MF (B⊗¯I) = MF (B)⊗¯I. The same argument holds
for the tensor products with A and A/I. Moreover, the identifications MF (B⊗¯Z) =
MF (B)⊗¯Z (for Z = I, A,A/I) are compatible with the maps of (7.6) and thus we
get the SES
MF (B)⊗¯I →֒ MF (B)⊗¯A։ MF (B)⊗¯A/I.
This proves MF (B) is exact. 
Corollary 7.7. If B is the enveloping C∗-algebra of a partial action α of a locally
compact and Hausdorff group on a C∗-algebra A, then B is exact if and only if A
is exact.
Proof. We can drop the topology of the group and work with the discrete one
because this does not affect the enveloping action [27]. The the proof follows directly
from Proposition 7.5 because B is Morita equivalent to k(Bα) and A is the unit
fiber of Bα. 
It is known [28, Proposition 7.1] that the crossed product of an amenable group
acting on an exact C∗-algebra is exact. Recently this was proved in [15, Theorem
6.1] for AD-amenable actions. For the convenience of the reader we give a direct
proof here. If we go back to the ideas of Kirchberg [28] we see that the following
Lemma is the key point.
Lemma 7.8. Let α be an AD-amenable action of G on the C∗-algebra A and B a
C*-algebra endowed with the trivial G-action id. Then the tensor product G-action
α⊗ id on A⊗B is AD-amenable.
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Proof. Decomposing the universal representation π : A⊗B → L(H) as π = πA×πB
as in [14, Theorem 3.2.6] we get a w∗−continuous *-homomorphismA′′ → (A⊗B)′′,
a 7→ a⊗ 1.
Let {ai}i∈I be a net of functions as in (5) of Theorem 6.11. We claim that
{ai⊗1}i∈I is a net of functions giving the WAP for α⊗id. For this we use Lemma 6.5
with A⊗algB as the w∗-dense *-subalgebra of (A⊗B)′′. Note that 〈ai⊗1, ai⊗1〉 =
〈ai, ai〉 ⊗ 1, hence supi ‖ai ⊗ 1‖ = supi ‖ai‖ <∞.
Given an elementary tensor x⊗ y ∈ A⊗¯B we have, in the w∗−topology:
lim
i
〈ai ⊗ 1, (x⊗ y)α˜t ⊗ id(ai ⊗ 1)〉 = lim
i
〈ai, xα˜t(ai)〉 ⊗ y = x⊗ y.
This completes the proof. 
Corollary 7.9. Let α be an AD-amenable action of the group G on the C∗-algebra
A. If A is exact, then so it is A⋊G = A⋊r G.
Proof. It suffices to use the Lemma above and the very same ideas of the proof of
[28, Proposition 7.1]. 
Corollary 7.10. If B is a Fell bundle (over G) with the WAP and Be is exact,
then so is C∗r (B) = C∗(B).
Proof. We know, by Proposition 7.5, that k(B) is exact and the canonical action on
k(B) is AD-amenable (Corollaries 5.26 and 6.10). By Corollary 7.9, k(B) ⋊r G =
k(B)⋊G is exact. Since this algebra is Morita equivalent to C∗r (B) = C∗(B), C∗r (B)
is exact. 
In [24, Definition 21.19] Exel introduces the notion of conditional expectation for
Fell bundles: if A is a Fell subbundle of B, a conditional expectation from B to A
is a map P : B → A which restricts to bounded surjective idempotent linear maps
Pg : Bg ։ Ag ⊆ Bg such that Pe : Be ։ Ae is an ordinary conditional expectation
and Pg(b)
∗ = Pg−1 (b∗) and Pgh(ba) = Pg(b)a for all b ∈ Bg and a ∈ Ah, g, h ∈ G.
Theorem 7.11. LetM be a W ∗-Fell bundle over G, N a W ∗-Fell subbundle ofM
and P : M→ N a (not necessarily w∗−continuous) conditional expectation. Then
there exists a conditional expectation Pk : kw∗(M) → kw∗(N ) which is equivariant
with respect to the canonical W ∗-actions. Moreover, the restriction of Pk to k(M)
is a conditional expectation onto k(N ).
Proof. By Corollary 5.31 we can think of kw∗(N ) as a W ∗-subalgebra of kw∗(M).
The matrix algebras MF (M) (for F ⊂ G finite) of Remark 6.7 form an upward
directed set of C∗-subalgebras of kw∗(M) with norm closure equal to k(M). More-
over, MF (M) is hereditary in k(M) and in the proof of Theorem 6.8 we showed
that MF (M) is in fact a W ∗-subalgebra of kw∗(M). Hence the family {MF (M)}F
is an upward directed family of hereditaryW ∗-subalgebras of kw∗(M) whose union
is w∗−dense in kw∗(M). We denote 1F the unit of MF (M). Then 1F may or may
not be equal to the unit of MF (N ), which we denote 1′F .
Define, for each finite subset F ⊂ G, the map PF : MF (M)→ MF (N ) ⊂ kw∗(N )
as the entriwise application of P. We claim that this map is a conditional expecta-
tion. Indeed, by Tomiyama’s theorem it suffices to prove it is contractive.
Let XFM be the MF (M)−Hilbert module obtained by considering on MF (M)
the inner product 〈X,Y 〉FM := trace(X∗Y ) and the action given by matrix mul-
tiplication. Then matrix multiplication on the left gives a faithful representation
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MF (M)→ L(XFM). If A ∈ MF (M) and X,Y ∈ XFN , then
〈PF (A)X,Y 〉FN = trace(PF (X∗AY )) = P (〈AX, Y 〉FM).
This implies ‖PF (A)‖ ≤ ‖A‖ and PF is contractive.
We can extend PF to kw∗(M) by defining PF : kw∗(M) → kw∗(N ) as PF (x) =
PF (1Fx1F ). Then PF is clearly ccp, in fact it is a conditional expectation over
MF (N ). In this way we get a net of ccp maps {PF }F from kw∗(M) to kw∗(N ). Let
Pk be a pointwise w
∗−limit of a converging subnet {PFj}j. Clearly Pk is ccp. Take
x ∈ kw∗(N ). Since PF (x) = 1′Fx1′F , both {PF (x)}F and {PFj (x)}Fj w∗−converge
to x. Thus Pk(x) = x and Pk is a conditional expectation.
We claim that Pk is equivariant with respect to the canonical W
∗-actions. Take
t ∈ G and note that βw∗t (1F ) = 1Ft−1 and that, given x ∈ MF (N ), it follows that
PFt−1(β
w∗
t (x)) = β
w∗
t (PF (x)). Considering w
∗−limits we have
Pk(β
w∗
t (x)) = lim
j
PFj (1Fjβ
w∗
t (x)1Fj ) = lim
j
PFj (β
w∗
t (1Fjtx1Fj t))
= lim
j
βw
∗
t (PFjt(1Fjtx1Fjt)) = β
w∗
t (lim
j
PFjt(1Fjtx1Fjt))
Thus {PFjt(1Fjtx1Fjt)}j actually has a w∗−limit (for every x) and it suffices to
show that this limit is Pk(x).
Every element v of kw∗(N ) is completely determined by the products uvw, for
u, v ∈ kc(M). Then it suffices to prove that limj uPFjt(1Fjtx1Fjt)w = uPk(x)w, for
all u,w ∈ kc(M). Fix u,w ∈ kc(M) and take a finite set K ⊂ G such that K ×K
contains both the supports of u and w. Since the families {Fj}j and {Fjt}j are
cofinal in the finite subsets of G we have
lim
j
uPFjt(1Fjtx1Fjt)w = lim
j
u1′KPFjt(1Fjtx1Fjt)1
′
Kw
= lim
j
uPFjt(1
′
K1Fjtx1Fjt1
′
K)w = uPK(1
′
Kx1
′
K)v
= uPk(1
′
Kx1
′
K)v = u1
′
KPk(x)1
′
Kv = uPk(x)v.
Finally, the last statement is clear from the computations above. In fact if F :=
{F ⊂ G : F is finite}, then it is easy to see also that the C∗-limits of the direct
systems {MF (M)}F∈F and {MF (N )}F∈F are k(M) and k(N ) respectively, and
that Pk|k(M) is the limit of the direct system {MF (M)}F∈F PF→ {MF (N )}F∈F . 
Corollary 7.12. Let M be a W ∗-Fell bundle over G, N a W ∗-Fell subbundle of
M and P : M→N a (not necessarily w∗−continuous) conditional expectation. If
M has the W*AP then so does N .
Proof. Recall that M has the W*AP iff the canonical W ∗-action on kw∗(M) is
W*AD-amenable. Then everything follows from [7, Proposition 3.8] and the Theo-
rem above. 
Corollary 7.13. Let A be a Fell subbundle of B. If B has the WAP and the as-
sociated inclusion A′′ →֒ B′′ admits conditional expectation, then A has the WAP.
In particular, this is the case if A is hereditary in B (i.e. AeBrAe ⊂ Ar for all
r ∈ G).
Proof. If A is hereditary in B and p is the unit of A′′e ⊂ B′′e , then the map P : B′′ →
A′′, b 7→ pbp, is a conditional expectation. Then the proof follows from our last
Corollary. 
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Corollary 7.14. Let A be a Fell subbundle of a Fell bundle B and suppose there
exists a conditional expectation P : B ։ A. If B has the WAP, then so does A.
Proof. It suffices to construct a conditional expectation P ′′ : B′′ → A′′. Take a fiber
Bt and consider it’s linking algebra as
L(Bt) =
(
It Bt
Bt−1 It−1
)
,
where It is (the closed linear span of) BtB
∗
t in Be. Then we can form a condi-
tional expectation L(P )t : L(Bt) → L(At) by entrywise computation of P. Using
Stinespring’s factorization theorem can be extended L(P )t w
∗−continuously to a
conditional expectation L(P )′′t : L(Bt)
′′ → L(At)′′. If we now restrict this last map
to B′′t we get a map P ′′t : B′′t → A′′t . We leave to the reader the verification of the
fact that P ′′ := {P ′′t }t∈G : B′′ → A′′ is a conditional expectation. 
8. Fell bundles with commutative unit fibre
This section is dedicated to the study of amenability for Fell bundles with com-
mutative unit fiber. Let B = (Bt)t∈G be a Fell bundle such that Be = C0(X) is a
commutative C∗-algebra. Such a Fell bundle canonically induces a partial action of
G on X and hence also on C0(X). This is because imprimitivity bimodules between
commutative C∗-algebras yield isomorphisms between their spectra. Since each Bt
can be viewed as an imprimitivity It-It−1 -bimodule, where It := BtB
∗
t
∼= C0(At)
for some open subset At ⊆ X , it yields an isomorphism αt : C0(At−1) → C0(At)
or, equivalently, to a homeomorphism θt : At−1 → At. The collection α = (αt)t∈G
(resp. θ = (θt)t∈G) is then the desired partial action of G on C0(X) (resp. X); they
are related by the equation αt(f) = f ◦ θt−1 for all f ∈ C0(At−1).
Definition 8.1. The partial action θ of G on X or its associated action α on
C0(X) = Be defined above will be call the spectral partial action of B.
These partial actions are analogous to the central partial actions defined in Sec-
tion 5.2. Moreover, they are special cases of the more general partial actions on the
spectrum of Be, as in [1] for an arbitrary Fell bundle B (Be need not be abelian
here). Moreover, we see from the constructions that the central partial action of
B′′ is the double dual partial action α′′ of G on the W*-algebra C0(X)′′ associated
with α. From this we immediately derive the following result:
Corollary 8.2. A Fell bundle B with commutative unit fiber is AD-amenable (or,
equivalently, has the WAP) if and only if its spectral partial action is AD-amenable
(or has the WAP).
Proof. By definition, α is AD-amenable if and only if its double dual partial action
α′′ is W*AD-amenable. Since α′′ is the central partial action of B′′, the result
follows from Corollary 5.20, the definition of AD-amenability (Definition 5.21) and
the equivalence between AD-amenability and the WAP, Theorem 6.11. 
From the spectral partial action α of B, we obtain another Fell bundle Bα, the one
associated to the partial action α. These Fell bundles are not necessarily isomorphic
in general because the original Fell bundle may contain some “twist”. One form
of twist is given in terms of 2-cocycles for partial actions as defined by Exel in
[25]. More precisely, Exel introduces the notion of a twisted partial action. In
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the commutative case, besides a partial action α of G on C0(X), this envolves
certain unitary multipliers ω(s, t) ∈ UM(Dst). We do not need to recall the precise
conditions on ω and its relation with α. We only recall that the Fell bundle Bα,ω
associated with the twisted partial action (α, ω) has fibres Bα,ω,t := C0(Dt)δt ∼=
C0(Dt) and multiplications and involutions given by:
(fδs) · (gδt) := ω(s, t)αs(α−1s (f)g)δst, (fδs)∗ := ω(s−1, s)∗αs−1(f∗)δs−1
for all s, t ∈ G, f ∈ C0(Ds) and g ∈ C0(Dt).
The main result in [25] states that every regular Fell bundle is isomorphic to
one associated with a twisted partial action. The regularity of B concerns the
structure of the fibres Bt as imprimitivity It-It−1-bimodules. Since the C
∗-algebras
It = C0(Dt) are commutative, such imprimitivity bimodules are necessarily given as
C0-sections of a certain (complex) line bundle Lt overDt. The C0-section C0(Lt) of
such a line bundle may be viewed as an imprimitivity C0(Dt)-C0(Dt−1)-bimodule;
using the isomorphism αt : C0(Dt−1)
∼−→ C0(Dt) we may also view C0(Lt) as an
imprimitivity C0(Dt)-C0(Dt−1)-bimodule which is then isomorphic to Bt. The
regularity of Bt is then equivalent to Lt being topologically trivial as a complex
line bundle. This is always the case for Fell bundles associated with twisted partial
actions but it might be not the case in general, so that our original Fell bundle
B is not necessarily isomorphic to Bα,ω, not even as Banach bundles. However
amenability does not see these diferences. Indeed, again the spectral and central
partial actions of all three Fell bundles B, Bα and Bα,ω are isomorphic, so we
immediately obtain the next corollary (an improvement of the previous one):
Corollary 8.3. A Fell bundle with commutative unit fibre B is AD-amenable (or
has the WAP) if and only if so is Bα or, equivalently, Bα,ω.
Notice that by Proposition 7.3 the equivalent conditions in the above corollary
are also equivalent to nuclearity of one of the C∗-algebras C∗(r)(B), C∗(r)(Bα) ∼=
C0(X) ⋊α,(r) G or C
∗
(r)(Bα,ω) = C0(X) ⋊α,ω,(r) G. In particular we obtain the
interesting consequence that C0(X)⋊α,(r)G is nuclear if and only if C0(X)⋊α,ω,(r)G
is nuclear for every twisted partial action (α, ω). The parenthesis around r here
means that we can take either the full or the reduced crossed product (or cross-
sectional C*-algebras) in all equivalent statements. Indeed, any other exotic crossed-
product norm between the full and reduced could be used for that matter.
The above results can also be interpreted using groupoid descriptions of the
associated C∗-algebras. To explain this, let us first recall that a partial action θ of G
on X yields a locally compact Hausdorff étale transformation groupoid Γ = X⋊θG
(see [3]). As a set it consists of pairs (x, t) with t ∈ G and x ∈ Dt−1 . The source
and range maps are s(x, t) := x and r(x, t) := t · x := θt(x) and multiplication and
inversion are given by
(x, s) · (y, t) = (y, st), (x, t)−1 = (t · x, t−1) for x = t · y.
The topology is the one inherited from the product topology onX×G. The domains
Dt give rise to subsets Γt := Dt×{t−1} ⊆ Γ that are clopen bisections of Γ (although
the domains Dt are only assumed to be open in X). Hence Γ decomposes as a
disjoint union Γ = ⊔t∈GΓt of clopen subsets. In particular the vector space Cc(Γ)
identifies canonically with the algebraic direct sum ⊕algt∈GCc(Γt), that is, functions
ζ ∈ Cc(Γ) correspond bijectively to finite sets of functions ζt ∈ Cc(Γt), t ∈ G. This
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identification extends to a canonical isomorphism C∗(r)(Γ) ∼= C0(X)⋊α,(r)G, where
α is the partial action of G on C0(X) corresponding to θ.
Now, given a Fell bundle B over G with unit fibre Be = C0(X) as above, let θ be
its spectral action and Γ the corresponding transformation groupoid that we call the
spectral groupoid of B. As previously, we also identify each fibre Bt with the sections
C0(Lt) of a line bundle Lt over Dt. The disjoint union L := ⊔t∈GLt can then be
viewed as a line bundle over Γ = ⊔t∈GΓt. Moreover, with the Fell bundle structure
inherited from B, L is indeed a Fell line bundle over Γ; such a Fell bundle is also
usually viewed as a twist over Γ. By construction we get an obvious identification
Cc(Γ, L) ∼= Cc(B) that extends to an isomorphism C∗(r)(Γ, L) ∼= C∗(r)(B). In other
words, we have described every Fell bundle over a discrete group with commutative
unit fibre in terms of a twisted groupoid. This result can be deduced from the
constructions and results in [17] that describe Fell bundles over inverse semigroups
with commutative fibres over idempotents (also call semi-abelian Fell bundles in
[17]) in a similar way via twisted groupoids. The Fell bundles in [17] are assumed
to be saturated, but the same constructions can also be done in general for non-
saturated ones; alternatively, one can view a non-saturated Fell bundle over G as a
saturated Fell bundle over the inverse semigroup S(G) constructed by Exel in [23],
see [16].
Next we relate amenability of B in terms of amenability of its spectral groupoid.
Amenable groupoids are defined and studied mainly in [11]. We shall use the
characterisation from [14, Lemma 5.6.14] that says that an étale groupoid Γ is
amenable if and only if there is a net (ζi) ⊆ Cc(Γ) with ‖ζi‖2 ≤ 1 for all i and
(ζ∗i ∗ ζi)(γ) → 1 uniformly for γ in compact subsets of Γ. One of the main results
in this direction states that Γ is amenable if and only if C∗(r)(Γ) is nuclear.
Notice that the spectral groupoids of B and Bα (and also of Bα,ω) are the same;
they are just the transformation groupoid Γ = X⋊θG of the spectral partial action
of B. In particular we can reinterpret our previous results as follows:
Corollary 8.4. A Fell bundle with commutative unit fibre is AD-amenable if and
only if its spectral groupoid is amenable.
Using the description of B in terms of a twisted groupoid (Γ, L) and that AD-
amenability is equivalent to nuclearity of the correspondingC∗-algebras, we can also
interpret the above result as the statement that C∗(r)(Γ, L) is nuclear if and only if
C∗(r)(Γ) is nuclear. In other words, nuclearity of a twisted groupoid C*-algebra is
independent of the twist. Indeed, in this form this result is already known, see [34].
Up to this point we have only looked at AD-amenability or, equivalently, the
WAP for Fell bundles with commutative unit fibre. We also want to consider the
AP for such Fell bundles. We know already that the AP always implies the WAP
but we do not know whether the converse holds in general. The next result aims
at a partial converse:
Theorem 8.5. Let B be a Fell bundle over G with commutative unit fibre Be =
C0(X). Let θ be its spectral partial action with associated partial action α on
C0(X), and let Γ = X ⋊θ G be its spectral groupoid. Then the following assertions
are equivalent:
(i) B has the WAP or is AD-amenable, that is, C∗(r)(B) is nuclear;
(ii) Bα has the WAP or is AD-amenable;
44 FERNANDO ABADIE, ALCIDES BUSS, AND DAMIÁN FERRARO
(iii) C∗(r)(Bα) = C∗(r)(Γ) = C0(X)⋊α,(r) G is nuclear;
(iv) Γ is amenable;
(v) Bα has the AP;
(vi) for every 2-cocycle ω for α, the corresponding Fell bundle Bα,ω has the AP;
(vii) B has the AP.
Proof. We already checked the equivalences (i)⇔(ii)⇔(iii)⇔(iv). It remains to
check the equivalence of these conditions with (v), (vi) and (vii). Assume that Γ
is amenable and let {ζi}i∈I be a net of functions in Cc(Γ) with ‖ζi‖2 ≤ 1 for all i
and ζ∗i ∗ ζi(γ)→ 1 uniformly for γ in compact subsets of Γ. Define ξi : G→ C0(X)
by ξi(t)|x := ζi(x, t−1) if x ∈ Dt and 0 otherwise. In other words, we just use the
canonical identification Cc(Γ) ∼= ⊕algt∈GCc(Dt) to view each ζi as a finitely supported
function ξi : G→ Cc(X) with ξi(t) ∈ Cc(Dt) for all t ∈ G. We verify that this net
yields the AP for Bα. The boundedness of (ζi) for the ℓ2-norm implies the same
boundedness for (ξi). It remains to check the convergence condition that gives the
AP. For this it is enough to check that if f ∈ Cc(Dt), then
∑
s∈G ξi(ts)
∗(fδt)ξi(s)
converges in norm to fδt. By definition, we have
(8.6)
∑
s∈G
ξi(ts)
∗(fδt)ξi(s) =
∑
s∈G
ξi(ts)
∗αt(α−1t (f)ξi(s))δt.
Computing this sum at some x ∈ Dt we get an expression of the form:∑
s∈G
ζi(x, s−1t−1)f(x)ζi(θ−1t (x), s
−1)
where the sum varies over all s ∈ G in a finite subset (depending on the support
of ζi) satisfying θ
−1
t (x) ∈ Ds or, equivalently, x ∈ Dts. The above sum can be
rewritten as (∑
α∈Γ
ζi(α)ζi(αγ)
)
f(x) = (ζ∗i ∗ ζi)(γ)f(x)
where γ = (θ−1t (x), t) and α ∈ Γ varies in a finite subset (depending on the support
of ζi) satisfying s(α) = r(γ); those α are necessarily of the form (x, s
−1t−1) with
x ∈ Dts. If x varies in the compact support K := supp(f) ⊆ Dt of f , then
γ = (θ−1t (x), t) varies in a compact subset of Γ so that (ζ
∗
i ∗ ζi)(γ) → 1 uniformly
on this compact subset. This implies the desired convergence that gives the AP for
Bα. Hence (iv)⇒(v). Moreover, if ω is a 2-cocycle for α, then the computation (8.6)
is the same because ω(t, e) = 1. Therefore the same argument also yields the
implication (iv)⇒(vi). Conversely, if Bα or Bα,ω has the AP, then it also has the
WAP and we already observed that this is equivalent to amenability of Γ. This
yields the implications (v),(vi),(vii)⇒(iv).
It remains to check (iv)⇒(vii). The proof is essentially the same as before, let us
give more details: let {ζi}i∈I ⊆ Cc(Γ) be a net that gives the amenability of Γ and
let {ξi}i∈I be the same net as above defined from {ζi}i∈I that gives the AP for Bα.
We check that this net also gives the AP for B. For this we identify Bt ∼= C0(Lt) for
a line bundle Lt as before. The structure of C0(Lt) as a Hilbert C0(Dt)-C0(Dt−1) is
as follows: the left and right inner products are given by l〈ξ |η〉(x) := 〈η(x) |ξ(x)〉x
and 〈ξ |η〉r(x) := 〈ξ(θt(x) |η(θt(x))〉x. Here we use that Lt is a Hermitian complex
line bundle and 〈· | ·〉x denotes the inner product on each fibre Lt,x; this inner
product is assumed to be linear on the second variable and it is continuous so
that the inner products on C0(Lt) are well defined. The left action of C0(Dt) and
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the right action of C0(Dt−1) on C0(Lt) are given by (f · ξ)(x) := f(x)ξ(x) and
(ξ · g)(x) := ξ(x)g(θ−1t (x)) for all x ∈ Dt.
Having this, essentially the same proof as before still works: we take an element
η ∈ Cc(Lt) and verify that
(8.7)
∑
s∈G
ξi(ts)
∗ · η · ξi(s)→ η
with respect to the norm of C0(Lt) ∼= Bt. But the expression above is a section of
Lt and when we compute at some x ∈ Dt we get:∑
s∈G
ζi(x, s−1t−1)η(x)ζi(θ−1t (x), s
−1)
which as before can be rewritten as(∑
α∈Γ
ζi(α)ζi(αγ)
)
η(x) = (ζ∗i ∗ ζi)(γ)η(x).
Using that (ζ∗i ∗ ζi)(γ)→ 1 uniformly on compacts, the desired result follows. 
Corollary 8.8. Let B be a Fell bundle which is weakly equivalent to a Fell bundle
A with commutative unit fibre. Then B has the AP if and only if it has the WAP
(i.e. is AD-amenable).
Proof. We showed that both the WAP and the AP are preserved by the weak
equivalence of Fell bundles and our last Theorem implies A has the AP if and only
if it has the WAP. Thus the claim follows. 
Given a Fell bundle B as in the Corollary above, there may not be a suitable
candidate for the spectral grupoid, mainly because the spectrum of Be may not
be Hausdorff. Consider for example the semidirect product bundle of a Morita
enveloping action of a partial action on a commutative C*-algebra which does not
have an enveloping action [2]. If we want to generalize Theorem 8.5, it is then
reasonable to assume Be is Morita equivalent to a commutative C*-algebra.
Theorem 8.9. Suppose B is a Fell bundle over G, A is a C*-algebra and M is
an A-Be-equivalence bimodule. Consider, for each t ∈ G, Bt as a left Be-Hilbert
module and let M ⊗Bt be the Be-inner tensor product. Then there exists a unique
right Hilbert B-bundle structure [6, Definition 2.1] on X := {M ⊗Bt}t∈G such that,
for all x, y ∈M and a, b ∈ B :
〈x⊗ a, y ⊗ b〉B = a∗〈x, y〉Beb and (x⊗ a)b = x⊗ (ab).
Let also K(X ) = {Kt}t∈G be the bundle of generalized compact operators, as in
[6, Theorem 3.9]. Then X is a strong K(X ) − B equivalence and the unit fibre Ke
is isomorphic to A.
Proof. Uniqueness follows from [6] and the fact that elementary tensor products
span a dense subspace of the tensor products M ⊗Bt, thus we only need to prove
the existence claim.
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First we show that the action of B on X is defined. Take r, s ∈ G, x1, . . . , xn ∈M,
a1, . . . , an ∈ Br and b ∈ Bs. Then
‖
n∑
i=1
xi ⊗ (aib)‖2 = ‖
n∑
i,j=1
b∗a∗i 〈xi, xj〉Beajb‖ = ‖b∗〈
n∑
i=1
xi ⊗ ai,
n∑
i=1
xi ⊗ ai〉b‖
≤ ‖b‖2‖
n∑
i=1
xi ⊗ ai‖2.
With the inequality above we can easily prove the existence of a bilinear map
(M ⊗ Br) × Bs → M ⊗ Brs, (u, b) 7→ ub, such that (x ⊗ a)b = x ⊗ (ab) and
‖ub‖ ≤ ‖u‖‖b‖. These maps define the action of B on X .
We now construct the B-valued inner product of X . Take r, s ∈ G, x1, . . . , xn ∈
M, y1, . . . , yn ∈ M, a1, . . . , an ∈ Br and b1, . . . , bn ∈ Bs. Set u :=
∑n
i=1 xi ⊗ ai ∈
M ⊗ Br, v :=
∑n
i=1 yi ⊗ bi ∈ M ⊗ Bs and w :=
∑n
i,j=1 a
∗
i 〈xi, yj〉Bebj ∈ Br−1s. In
order to prove the inner product is defined it suffices to show that
(8.10) ‖w‖ ≤ ‖u‖‖v‖,
because after this inequality we can set 〈u, v〉B := w.
Let [u, u]r ∈ K(M ⊗ Br) represent the generalized compact operator z 7→
u〈u, z〉, and let ϕr : A = K(M) → K(M ⊗ Br) be the unique *-homomorphism
such that ϕr(a)(z ⊗ c) = (az) ⊗ c. It is straightforward to show that [u, u]r =
ϕr(
∑n
i,j=1 A〈xiaib∗j , xj〉). We know ϕr may not be injective, but it is injective when
restricted to the ideal span〈MBrB∗r ,M〉. Thus
(8.11) ‖u‖2 = ‖[u, u]r‖ = ‖
n∑
i,j=1
A〈xiaib∗j , xj〉‖ = ‖
n∑
i,j=1
A〈xi, xjbja∗i 〉‖.
To prove (8.10) note that w∗w =
∑n
i,j,k,l=1 b
∗
j〈yj , xi〉Beaia∗l 〈xl, yk〉Bebk.We have
a := (aia
∗
l )
n
i,l=1 ∈ Mn(Be)+ and, if d := a1/2 ∈ Mn(Be), then aia∗l =
∑n
p=1 di,pdl,p
∗.
This implies
w∗w =
n∑
i,j,k,l,p=1
b∗j 〈yj , xi〉Bedi,pdl,p∗〈xl, yk〉Bebk
=
n∑
i,j,k,l,p=1
b∗j 〈A〈xldl,pd∗i,p, xi〉yj , yk〉Bebk
=
n∑
j,k=1
b∗j〈
 n∑
i,l=1
A〈xlala∗i , xi〉
 yj , yk〉Bebk.
Consider the direct sum of n copies of M, ⊕nM, as a Mn(A) − Be equivalence
bimodule with left and right inner products given by
Mn(A)〈(f1, . . . , fn), (g1, . . . , gn)〉 := (A〈fi, gj〉)ni,j=1
〈(f1, . . . , fn), (g1, . . . , gn)〉Be :=
n∑
i=1
〈fi, gi〉Be .
The action on the right ofBe on⊕nM is given by entrywise multiplication, while the
action of Mn(A) on the left is given by matrix multiplication by considering the ele-
ments of ⊕nM as column vectors with entries in M. Let A→ Mn(A), d 7→ diag(d),
be the inclusion of A in the diagonal. Consider also ⊕nBs as a Mn(Be)−Be bimod-
ule, with analogous operations. In (8.11) we identified d :=
∑n
i,l=1 A〈xlala∗i , xi〉
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with [u, u]r via ϕr, thus d ≥ 0. With these considerations and defining ξ :=
(b1, . . . , bn) ∈ ⊕nBs and η := (y1, . . . , yn) ∈ ⊕nM we have
w∗w = 〈ξ,Mn(Be)〈η, diag(d)η〉ξ〉Be .
Viewing the direct sum of adjoints ⊕nM∗ as an Mn(Be) − A Hilber bimodule, we
deduce that Mn(Be)〈η, diag(d)η〉 ≤ ‖d‖Mn(Be)〈η, η〉. By (8.11), in Be we have
w∗w ≤ ‖d‖〈ξ,Mn(Be)〈η, η〉ξ〉Be = ‖u‖2〈v, v〉Be ,
and this clearly implies ‖w‖ ≤ ‖u‖‖v‖.
At this point we have shown that the inner product of X and the action of B on
X are defined, the reader can now check that these operations satisfy the conditions
of [6, Definition 2.1].
In the rest of the proof we use the notation of [6, Theorem 3.9]. Recall in
particular that, for u ∈M ⊗Br and v ∈M ⊗Bs, [u, v] is the adjointable operator
of order rs−1 given by X → X , w 7→ u〈v, w〉B . The ajointable operators of order e
of X , Be(X ), form a C*-algebra and
Ke = span{[u, v] : u, v ∈M ⊗Bt, t ∈ G}
= span{[x⊗ b, y ⊗ c] : x⊗ b, y ⊗ c ∈M ⊗Br, r ∈ G}.
There exists a unique *-homomorphism ϕ : A→ Be(X ) such that ϕ(a)(x ⊗ b) =
(ax)⊗b. Note that ϕ is injective because we can think of the unit fiberM⊗Be as an
A−Be equivalence bimodule. If x⊗ b, y⊗ c ∈M ⊗Br, then for all z⊗ d ∈M ⊗Bs
we have
[x ⊗ b, y ⊗ c](z ⊗ d) = x⊗ bc∗〈y, z〉Bed = xbc∗〈y, z〉Be ⊗ d = A〈xbc∗, y〉z ⊗ d
= ϕ(A〈xbc∗, y〉)z ⊗ d.
Since the elements [x ⊗ b, y ⊗ c] span a dense subset of Ke, we conclude that
ϕ(A) = Ke is isomorphic to A.
In order to prove that X is a strong equivalence we must show that
(8.12) spanKtK
∗
t = span[M ⊗Bt,M ⊗Bt], ∀ t ∈ G.
Recall that Kt is the closure in Bt(X ) of span{[u, v] : u ∈M⊗Btr, v ∈M⊗Br, r ∈
G}. Fix t ∈ G and take r1, r2 ∈ G, xi ⊗ ai ∈ Btri , yi ⊗ bi ∈ M ⊗ Bri , for i = 1, 2.
Then
[x1 ⊗ a1, y1 ⊗ b1][x2 ⊗ a2, y2 ⊗ b2]∗(z ⊗ c) = [x1 ⊗ a1, y1 ⊗ b1]y2 ⊗ b2a∗2〈x2, z〉Bec
= x1 ⊗ a1b∗1〈y1, y2〉Beb2a∗2︸ ︷︷ ︸
∈Be
〈x2, z〉Bec
= x1a1b
∗
1〈y1, y2〉Beb2a∗2〈x2, z〉Be ⊗ c
= A〈x1a1b∗1〈y1, y2〉Beb2a∗2, x2〉z ⊗ c
= ϕ(A〈x1a1b∗1〈y1, y2〉Beb2a∗2, x2〉)z ⊗ c
= [x1 ⊗ a1b∗1〈y1, y2〉Be , x2 ⊗ a2b∗2](z ⊗ c).
This implies the inclusion ⊆ in (8.12). To prove the converse take x ⊗ a, y ⊗ b ∈
M ⊗ Bt. We can write a = a1b∗1 and b = a2b∗2 for some a1, a2 ∈ Bt and b1, b2 ∈ Be
(by Cohen-Hewitt’s Theorem). We can also approximate a = a1b
∗
1 in norm by sums
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of elements of the form a1b
∗
1〈y1, y2〉Be . This allows us to approximate, in Be(X ),
the operator [x⊗ a, y ⊗ b] by sums of operators of the form
[x1 ⊗ a1b∗1〈y1, y2〉Be , x2 ⊗ a2b∗2] = [x1 ⊗ a1, y1 ⊗ b1][x2 ⊗ a2, y2 ⊗ b2]∗ ∈ KtK∗t .
Thus the inclusion ⊇ in (8.12) follows. 
Corollary 8.13. Suppose B is a Fell bundle over G and that Be is Morita equivalent
to a commutative C*-algebra C0(X) through an equivalence bimodule M. Identify
X with the primitive ideal space of Be and let α be the partial action defined by B
on C0(X). Let also Γ be the grupoid associated to α. Then the following assertions
are equivalent:
(i) B has the WAP or is AD-amenable, that is, C∗(r)(B) is nuclear;
(ii) Bα has the WAP or is AD-amenable;
(iii) C∗(r)(Bα) = C∗(r)(Γ) = C0(X)⋊α,(r) G is nuclear;
(iv) Γ is amenable;
(v) Bα has the AP;
(vi) for every 2-cocycle ω for α, the corresponding Fell bundle Bα,ω has the AP;
(vii) B has the AP.
Proof. Let X = {M⊗Bt}t∈G be the equivalence bundle of Theorem 8.9. Since X is
a strong equivalence bundle and C0(X) is the unit fibre of K(X ), α is (isomorphic
to) the partial action defined by K(X ) [5]. These facts and Theorem 8.5 imply that:
• (ii) to (vi) are equivalent to: (i’) K(X ) has the WAP or is AD-amenable,
that is, C∗(r)(K(X )) is nuclear; and to (vii’) K(X ) is amenable.
• (i) ⇔ (i’).
• (vii) ⇔ (vii’). 
Example 8.14. In [24, Proposition 37.9] Exel provides a partial crossed product
description for the C*-algebra of every directed graph E = (s, r : E1 → E0) with
no sinks (i.e. s−1(v) 6= ∅ for all v ∈ E0). In other words, we have an isomorphism
C∗(E) ∼= C0(X)⋊α G
for a certain partial action α of the free group G = Fn on n = |E1| generators
(this can be infinite), and X is a certain (totally disconnected) locally compact
Hausdorff space. The exact description of this space and the partial action is
slightly complicated in general but it simplifies under certain regularity conditions
on E. For instance, if every vertex v ∈ E0 is regular in the sense that r−1(v) is
non-empty and finite, that X is just the infinite path space E∞ of E.
Regardless of how X and the partial action α above are defined, using that
graph C∗-algebras are always nuclear (a well-known fact, see [29, Proposition 2.6]),
it follows from our previous theorem that α has the AP. Indeed, Exel gives a more
direct proof of this fact in [24, Theorem 37.10].
We shall give more details about the partial action α and its amenability in
what follows in the case of the graph E that describes the Cuntz algebra On, that
is, the graph with one vertex and n loops with 2 ≤ n < ∞. This is a special
and representative case. This is a finite graph that has no sinks or sources. In
this case, X ∼= {1, . . . , n}∞ is Cantor space and G = Fn is the free group on
n generators that we also view as the free group generated by E1. The partial
action α is defined as follows: the domains Dg for g ∈ Fn are defined in terms of
the cylinders Xa = {aµ : µ ∈ X} if g ∈ Fn can be written in reduced form as
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g = ab−1 for a, b ∈ E∗, the set of finite paths viewed as elements of Fn. In this case
Dg−1 = C(Xb) and Dg = C(Xa) and αg : Dg−1
∼−→ Dg is given αg(f) = f ◦ θ−1g ,
where θg : Xb
∼−→ Xa is the canonical homeomorphism sending bµ 7→ aµ. If g is not
of the form ab−1, then Dg is defined to be the zero ideal (and αg is the zero map).
The AP for αmeans the existence of a net of finitely supported functions ξi : G→
C(X) that is uniformly bounded for the ℓ2-norm and satisfying
(8.15) 〈ξi |aα˜g(ξi)〉2 :=
∑
h∈G
ξi(h)
∗αg(α−1g (aξi(g
−1h)))→ a
for all g ∈ G and a ∈ Dg. Notice that all the ideals Dg are unital here. If 1g
denotes its unit (so that Dg = A · 1g), then (8.15) is equivalent to∑
h∈Fn
ξi(h)αg(1g−1ξi(g
−1h))→ 1g
for all g ∈ G. One explicit sequence ξi : G → C(X) that gives the AP for this
partial action can be defined by ξi(g) =
1√
i
1g if g ∈ F+n (the positive cone of Fn)
with length |g| ≤ i and ξi(g) = 0 otherwise. Recall that 1g denotes the characteristic
function on the cylinder set Xg = {gµ : µ ∈ X = E∞} which makes sense because
g is positive.
The fact that all domain ideals Dg are unital also implies that α has an envelop-
ing global action and we know from Corollary 6.26 that this global action also has
the AP or, equivalently, it is AD-amenable. Indeed, a concrete description of the
enveloping action for the partial action of Fn on X is as follows: instead of con-
sidering only words on positive words, we also consider their inverses, that is, we
consider the generators of Fn and their inverses, and then look at all infinite reduced
words on this new alphabet. This yields a new space, denoted X¯ that naturally
contains X as a clopen subspace. Now notice that Fn naturally acts (globally) on
X¯ by (left) concatenation and the partial action on X is just the restriction of this
global action. Moreover, the global action of Fn on X¯ is known to be amenable:
this action can be viewed as the action on a certain boundary of Fn, and this is an
amenable action, see [9, Examples 2.7(4)] and [14, Proposition 5.1.8]. Indeed, this
is the standard way to see that Fn is an exact group.
Appendix A. W*-bimodules and their representations
Let M be a W ∗-algebra. A W ∗-Hilbert M -module is an ordinary C∗-Hilbert M -
module X which is isometrically isomorphic to a dual Banach space, X ∼= X ′∗, and
such that the M -action and M -inner product are separately w∗-continuous. These
are exactly the self-dual Hilbert modules; this means that every bounded M -linear
map X → M is of the form y 7→ 〈x | y〉M for some (uniquely determined) element
x ∈ X . In this case the predual X∗ is unique up to isomorphism.
In a similar fashion one defines left W ∗-modules and W ∗-bimodules (requiring
both left and right inner products and actions to be separately w∗-continuous).
Specially, we want to emphasise the W ∗-equivalence bimodules:
Definition A.1. Given two W ∗-algebras, M and N , a W ∗-equivalence bimodule
is a W ∗-Hilbert M -N -bimodule X such that the left and right inner products span
w∗-dense ideals of M and N .
Here is an elementary concrete example: for Hilbert spaces H , K, the space
L(H,K) is a W ∗-equivalence L(K)-L(H)-bimodule with respect to the obvious
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operations given by composition and adjunction of operators. For example, the
right inner product is given by 〈S | T 〉L(H) := S∗T . The predual in this case can
be identified with K(H,K). On bounded subsets the w∗-topology coincides with
the weak topology, that is, Ti → T with respect to the w∗-topology if and only if
〈u |Tiv〉 → 〈u |Tv〉 whenever {Ti}i∈I is a norm-bounded net.
Every W ∗-equivalent bimodule can be faithfully represented into some concrete
bimodule of the form L(H,K) as above. We explain in what follows how this can
be done.
Let X be a W ∗-equivalence M -N -bimodule. Using the notation of [35], we view
X as a ternary W ∗-ring with the ternary operation
(x, y, z) := x〈y, z〉N = M 〈x, y〉z.
We now indicate how to translate the fundamental results of Zettl [35] to repre-
sent W ∗-equivalence bimodules on Hilbert spaces.
For example, Zettl shows that the adjointable operators of XN , L(X), form a
W*-algebra. We indicate how to represent this algebra W*-faithfully.
Lemma A.2. Let X be a W*-Hilbert right M -module. Consider a unital and
faithful W*-representation M ⊂ L(H), and let K be the Hilbert space X ⊗M H.
Then the representation ρ : L(X) → L(K), such that ρ(T )(x ⊗ h) = Tx ⊗ h, is a
unital and faithful W*-representation. Moreover, a bounded net {Ti}i∈I ⊂ L(X) w∗-
converges to T if and only if {〈y, Tix〉}i∈I w∗-converges to 〈y, Tx〉, for all x, y ∈ X.
Proof. Clearly ρ is an injective and unital *-homomorphism. To show that the
image of ρ, M, is a concrete W*-algebra it suffices to prove that its closed unit ball
M1 is wot closed.
Take a net {ρ(Ti)}i∈I ⊂ M1 that weakly converges to R ∈ L(K). If X1 is
the closed unit ball of X with the w∗-topology, then X1 is compact and so it is
Y := Πx∈X1(X1 ×X1). Let h : L(X) → Y be such that h(T )x = (Tx, T ∗x). Then
{h(Ti)}i∈I has a converging subnet {h(Tij )}j∈J . This implies the existence of two
linear maps U, V : X → X such that Ux = limj Tijx and V x = limj T ∗ijx, in the
w∗-topology, for all x ∈ X. Hence, for all x, y ∈ X,
〈Ux, y〉 = lim
j
〈Tijx, y〉 = lim
j
〈x, T ∗ijy〉 = 〈x, V y〉,
where the limits are taken with respect to the w∗-topology. Then U ∈ L(X) and
our construction implies ‖U‖ ≤ 1. We have ρ(U) = R because, for all x, y ∈ X and
h, k ∈ H,
〈x⊗h, ρ(U)(y⊗k)〉 = lim
j
〈h, 〈x, Tijy〉k〉 = lim
j
〈x⊗h, ρ(Tij )(y⊗k)〉 = 〈x⊗h,R(y⊗k)〉.
This shows that M1 is wot closed, hence M is a concrete W*-algebra.
On bounded sets of L(K) the wot topology (and hence the w∗-topology) is
determined by the functionals R 7→ 〈x ⊗ h,R(y ⊗ k)〉. When translated to L(X)
this means that on bounded sets of L(X) the w∗-topology is determined by the
functionals L(X)→ X, T 7→ 〈x, T y〉, considering on X the w∗-topology. 
Definition A.3. Let X be a W ∗-equivalence M -N -bimodule. A representation
of X is a linear and w∗-continuous map π : X → L(H,K), where H and K are
Hilbert spaces and π(x〈y, z〉N ) = π(x)π(y)∗π(z) for all x, y, z ∈ X . We say that π
is nondegenerate if K = spanπ(X)H and H = spanπ(X)∗K.
AMENABILITY FOR PARTIAL ACTIONS AND FELL BUNDLES 51
Proposition A.4 ([35]). Every W ∗-equivalence bimodule admits a nondegenerate
faithful representation.
Proof. Every W ∗-equivalence M -N -bimodule X is a ternary W ∗-ring, and by [35]
has a faithful representation π : X → L(H,K). Let H0 := spanπ(X)∗K and
K0 = spanπ(X)H . Clearly, spanπ(X)H0 ⊆ K0 and spanπ(X)∗K0 ⊆ H0. We
claim that π(X)(H⊥0 ) = 0. If h ∈ H⊥0 and x ∈ X , then π(x)∗π(x)h ∈ H0 and
‖π(x)h‖2 = 〈π(x)h, π(x)h〉 = 〈π(x)∗π(x)h, h〉 = 0.
In a similar way it can be shown that π(X)∗(K⊥0 ) = 0. Thus we may consider the
representation π0 : X → L(H0,K0) given by π0(x)h = π(x)h.
It suffices to show that π0 is nondegenerate. We show that spanπ0(X)H0 = K0;
the proof of spanπ0(X)
∗K0 = H0 is analogous. Take x ∈ X and h ∈ H . We
can approximate x by sums of elements of the form u〈v, w〉, thus π(x)h lies in the
closed linear span of π(X)π(X)∗π(X)h ⊆ π(X)(H0) = π0(X)H0. Hence π(x)h ∈
spanπ0(X)H0. 
Definition A.5. Given a representation π of a W ∗-equivalence bimodule, the rep-
resentation π0 constructed in the proof above is called de essential part of π.
Proposition A.6. Let X be aW ∗-equivalenceM -N -bimodule and π : X → L(H,K)
a nondegenerate representation. Then there exists a unique unital and normal rep-
resentation πl : M → L(K) such that πl(M 〈x, y〉) = π(x)π(y)∗ for all x, y ∈ X. If
π is faithful then so it is πl.
Proof. Let MX be the norm closure of spanM 〈X,X〉 in M . By [2, Proposition 4.1]
there exists a unique *-homomorphism ρl : MX → L(K) such that ρl(M 〈x, y〉) =
π(x)π(y)∗ for all x, y ∈ X . We claim this representation can be extended in a
unique way to a normal representation πl of M .
Let ρr : NX → L(H) be the *-homomorphism such that ρr(〈x, y〉N ) = π(x)∗π(y).
Since π is nondegenerate, there exists a unique unitary U : X⊗ρr H → H such that
U(x⊗h) = π(x)h. We also have a representation µ : M → L(X⊗πH) = L(K) such
that µ(a)π(x)h = π(ax)h. We claim µ is w∗-continuous, to show this it suffices to
prove µ is w∗-continuous on the closed unit ball M1. Since µ(M1) is bounded, it
suffices to prove that given a net {aλ}λ ⊆M1 that w∗-converges to a ∈M1, then
lim
λ
〈µ(aλ)(x⊗ π(y)∗k), (x⊗ π(y)∗k)〉 = 〈µ(a)(x ⊗ π(y)∗k), (x⊗ π(y)∗k)〉,
for every x, y ∈ X and k ∈ K. But
lim
λ
〈µ(aλ)(x⊗ π(y)∗k), (x⊗ π(y)∗k)〉 = lim
λ
〈h, π(y〈aλx, x〉)π(y)∗h〉
= 〈h, π(y〈ax, x〉)π(y)∗h〉
= 〈µ(a)(x ⊗ π(y)∗k), (x⊗ π(y)∗k)〉.
It is straightforward to show that the restriction of µ to MX is ρ
l, thus πl := µ
is the unique w∗-continuous extension of ρl.
If π is faithful and πl(a) = 0 then π(ax)h = πl(a)π(x)h = 0 for every x ∈ X and
h ∈ H . Hence ax = 0 for every x ∈ X and this implies a = 0. 
Definition A.7. LetX be aW ∗-equivalenceA-B-bimodule and let Y be aW ∗-equiv-
alence M -N -bimodule. A map π : X → Y is a W ∗-homomorphism if it is linear,
w∗-continuous and π(x〈y, z〉N ) = π(x)〈π(y), π(z)〉B for every x, y, z ∈ X .
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Proposition A.8 ([2, Proposition 4.1]). Let X and Y be W ∗-equivalence M −
N and A-B-bimodules, respectively, and π : X → Y a w∗-continuous linear map
such that π(x〈y, z〉N ) = π(x)〈π(y), π(z)〉B for every x, y, z ∈ X. Then there
exist unique w∗-continuous homomorphisms πl : M → A and πr : N → B such
that πl(〈x, y〉N ) = 〈π(y), π(z)〉B and π(M 〈y, z〉) = A〈π(x), π(y)〉 and π(〈y, z〉N ) =
〈π(x), π(y)〉B for every x, y ∈ X. If π is an isomorphism then so are πr and πl.
Proof. We construct πr, the map πl can be constructed considering the adjoint
module of X . Take a nondegenerate and faithful representation ρ : Y → L(H,K).
In this situation ρl : M → L(K) is a faithful unital W ∗-representation. Then
ρ ◦ π : X → L(H,K) is a representation, that may or may not be nondegenerate.
In any case, the essential part (ρ ◦ π)0 is nondegenerate and we may think of ρ ◦ π
as the null extension of (ρ ◦ π)0 (from H0 to H0 ⊕ (H⊥0 )).
We know (ρ ◦ π)r0 : A → L(K0) is a W ∗-homomorphism. Define (ρ ◦ π)r : A →
L(K) as the null extension of (ρ◦π)r0. We claim (ρ◦π)r(A) ⊆ ρr(M). Indeed, note
(ρ◦π)r(A) is the w∗-closure of (ρ◦π)r(AY ). Considering only the C*-structre Y and
using the map πr : MX → AY of [2, Proposition 4.1], we get that (ρ◦π)r(A〈x, y〉) =
ρr(M 〈πr(x), πr(y)〉) ∈ ρr(M). Then the map πr : M → A we are looking for is
the unique w∗-continuous extension of πr : MX → AY and can be computed as
(ρr)−1 ◦ (ρ ◦ π)r. In case π is an isomorphism (π−1)r is the inverse of πr. 
Let X be a W ∗-equivalenceM -N -bimodule. The W ∗-linking algebra of X is the
Banach space formed by all all the matrices(
a x
y˜ b
)
,
where Y˜ is the module conjugate to X . To give L a W ∗-algebra structure take a
faithful and nondegenerate representation π : X → L(H,K). Then
ρ : L→ L(H ⊕K) =
( L(H) L(H,K)
L(K,H) L(H,K)
)
; ρ
(
a x
y˜ b
)
=
(
πl(a) π(x)
π(y) πr(b)
)
,
is a faithful representation of *-algebras and ρ induces a C*-algebra structure on
L. Moreover, ρ(L) is a unital subalgebra closed with respect to the weak operator
topology (wot) because convergence in L(H ⊕K) in the wot is just entrywise wot-
convergence. This implies that M,N and X are w∗-closed subspaces of L. In
particular M and N are hereditary W ∗-subalgebras of L.
Proposition A.9. Let X be a W ∗-equivalence M -N -bimodule. Then there exists
a unique W ∗-isomorphism πX : Z(N) → Z(M) such that xa = π(a)x for all a ∈
Z(M) and x ∈ X.
Proof. By the definition of the centre of an algebra we have(
a x
y˜ b
)
∈ Z(L)⇔ x = y = 0, a ∈ Z(M), b ∈ Z(N), az = zb ∀z ∈ X.
Note a and b completely determine each other, thus we have an injective w∗-
continuous *-homomorphism
π : Z(L)→ Z(N), π
(
a 0
0 b
)
= b.
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We claim π is surjective and hence an isomorphism. Note the image of π is
a W ∗-algebra because π is w∗-continuous. Hence it suffices to show that Im(π)
contains every projection of Z(N).
Let p ∈ Z(N) be a projection and take a unital and normal representation on a
Hilbert space ρ : N → L(H) with ker(ρ) = (1 − p)N . Consider the representation
of M induced by ρ through X , Ind(ρ), and let q ∈ M be projection such that
ker(Ind(ρ)) = (1− q)M . Then for all x, y ∈ X and h, k ∈ H :
〈k, π(y∗(qx− xp))k〉 = 〈k, π(y∗qx)k〉 − 〈k, π(y∗x)k〉
= 〈Ind(ρ)(q)(y ⊗ρ k), (x⊗ρ h)〉 − 〈(y ⊗ρ k), (x⊗ρ h)〉 = 0
We conclude y∗(qx − xp)p = 0 for all x, y ∈ X and this implies qxp = xp for all
x ∈ X . By symmetry (or double induction) we get qx = xp for all x ∈ X . Then
p = π
( q 0
0 p
)
and π is surjective. 
It may look strange to consider the above isomorphism πX as a homomorphism
Z(N) → Z(M) and not the opposite. Implicitly we have chosen this convention
because we view X as a “generalised” morphism from N to M . This choice also
makes it easier to see that the constructions we perform in Section 5.2 are exactly
the W ∗-counterparts of that in [1]. Another motivation for our notation is the
relation between the composition and W ∗-tensor products in Remark B.4.
Corollary A.10. Let X and Y be twoW ∗-equivalenceM -N -bimodules and ρ : X →
Y an isomorphism such that πl and πr are the identities on M and N , respectively.
Then the isomorphisms πX and πY of Proposition A.9 are equal.
Proof. Take a ∈ Z(N). For all x ∈ X we have xa = πx(a)x, hence
ρ(x)a = ρ(x)ρr(a) = ρ(ax) = ρ(πX(a)x) = ρ
l(πX(a))ρ(x) = πX(a)ρ(x).
Since ρ is surjective we deduce that πX(a) = πY (a). 
Appendix B. Induction of representations and tensor products
Proposition B.1. Let X be an W ∗-equivalence M -N -bimodule and π : N → L(H)
a unital W ∗-representation. If K := X ⊗π H, then there exists a unique nonde-
generate representation πˆ : X → L(H,K) such that πˆ(x)h = x ⊗ h. Moreover, if
ρ : X → L(H,K) is a nondegenerate representation then there exists a unique uni-
tary U : X ⊗ρr H → K such that U(x ⊗ h) = ρ(x)h and we have ρ(x) = U ◦ ρ̂r(x)
for all x ∈ X. In particular, ρ is faithful if and only if ρr is faithful.
Proof. Regarding πˆ, we only have to show it is w∗-continuous. It suffices to show
that given a bounded net {xi}i∈I ⊆ X that w∗-converges to x ∈ X , we have
limi〈πˆ(xi)h, y ⊗ k〉 = 〈π(xi)h, y ⊗ k〉 for all y ∈ X and h, k ∈ H . But the separate
w∗ continuity of the inner products implies
lim
i
〈πˆ(xi)h, y ⊗ k〉 = lim
i
〈h, π(〈xi, y〉N )k〉 = 〈h, π(〈x, y〉N )k〉 = 〈πˆ(x)h, y ⊗ k〉
Now consider a nondegenerate representation ρ as in the statement. There exists
a unique linear isometry U : X ⊗ρr H → K such that U(x⊗ h) = ρ(x)h because
〈ρ(x)h, ρ(y)k〉 = 〈h, ρr(〈x, y〉N )k〉.
This isometry is in fact surjective because ρ is nondegenerate. Then U ◦ ρ̂r(x)h =
U(x⊗ h) = π(x)h.
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We know ρr is faithful whenever ρ is. Assume ρr is faithful and ρ(x) = 0.
Then, for every h ∈ H , 〈h, ρr(〈x, x〉N )h〉 = ‖ρ(x)h‖2 = 0. Thus 〈x, x〉N = 0 and
x = 0. 
Definition B.2. Given a W ∗-equivalence M -N -bimodule X and a unital W ∗-rep-
resentation π : N → L(H), the representation induced by π through X , denoted
IndX(π), is π̂
l.
Let X and Y be W ∗-equivalence M -N and N -P -bimodules, respectively. We
want to construct a tensor product X⊗w∗N Y , with a naturalM−P W ∗-equivalence
bimodule structure.
Take faithful and unital W ∗-representation π : P → L(H) and define Hπ :=
(X⊗N Y )⊗πH , where X⊗N Y is the usual tensor product of Hilbert modules. We
have a natural representation πˆ : X⊗NY → L(H,Hπ) such that πˆ(x⊗y)h = x⊗y⊗h.
We define X ⊗πN Y as the wot-closure of π(X ⊗N Y ). Note
π(P ) = spanwot{π(u)∗π(v) : u, v ∈ X ⊗N Y }
IndY (IndX(π))(M) = span
wot{π(u)π(v)∗ : u, v ∈ X ⊗N Y }
Then we may think of X ⊗πN Y as a W ∗-equivalence M -P -bimodule.
Let ρ : P → L(H) be another unital and faithful W ∗-representation. We have
represented X ⊗N Y faithfully, as a ternary C*-ring, in L(H,Hπ) and in L(K,Kρ).
With some abuse of notation we denote these representations πˆ : X ⊗N Y →
L(H,Hπ) and ρˆ. There exists a unique isomorphism of ternary C*-rings µ : πˆ(X⊗N
Y )→ ρˆ(X ⊗N Y ) such that µ(πˆ(x ⊗ y)) = ρˆ(x ⊗ y).
We claim that µ is continuous on bounded sets with respect to the wot topologies.
Indeed, let {ui}i∈I ⊆ X ⊗N Y be a bounded net and u ∈ X ⊗N Y such that
{πˆ(ui)}i∈I wot-converges to πˆ(u). Then, for every h, k ∈ H and v ∈ X ⊗N Y , we
have
lim
i
〈h, π(〈ui, v〉M )k〉 = lim
i
〈πˆ(ui)h, πˆ(v)k〉
= 〈πˆ(u)h, πˆ(v)k〉 = 〈h, π(〈u, v〉)k〉.
In fact we can conclude that the wot-convergence of {πˆ(ui)}i∈I to πˆ(u) is equivalent
to the w∗ convergence of {〈ui, v〉M )}i∈I to 〈u, v〉M for every v ∈ X ⊗N Y , which
in turn is equivalent to the wot-convergence of {ρˆ(ui)}i∈I to ρˆ(u). Then µ has a
unique extension to a W ∗-isomorphism µ : X ⊗πN Y → X ⊗ρN Y .
Definition B.3. The W ∗-tensor product X⊗w∗N Y is the W ∗-isomorphism class of
the modules X ⊗πN Y . As usual we abuse the notation and view X ⊗w
∗
N Y as any
of its representatives.
Remark B.4. (1) Almost by construction we have, for any unitalW ∗-representation
π : P → L(H), that IndX⊗w∗
N
Y (π) is unitarly equivalent to IndY (IndX(π)).
(2) If πX : Z(N) → Z(M) and πY : Z(P ) → Z(N) are the isomorphisms of
Proposition A.9, then πX ◦ πY = πX⊗w∗
N
Y .
Appendix C. Biduals of Hilbert bimodules
Proposition C.1. Let X be a Hilbert A-B-bimodule. Then there exists a unique
Hilbert A′′-B′′-bimodule structure on X ′′ extending that of X and with (left and
right) inner products and actions of A′′ and B′′ separately w∗-continuous. Moreover,
if X is an equivalence A-B-bimodule, that is, if the left and right inner products on
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X generate A and B as C∗-algebras, then the inner products on X ′′ generate A′′
and B′′ as W ∗-algebras, that is, X ′′ is a W ∗-equivalence A′′-B′′-bimodule.
Proof. Uniqueness follows immediately because X and A and B are w∗-dense in
X ′′, A′′ and B′′, respectively. Let L be the linking algebra of X . Since A and B are
C∗-subalgebras of L, we may view A′′ and B′′ as W ∗-subalgebras of L′′. Moreover,
we also view X as a closed subspace of L and identify X ′′ with the w∗-closure of
X in L′′. Note that AXB ⊆ X , XX∗ ⊆ A and X∗X ⊆ B imply A′′X ′′B′′ ⊆ X ′′,
X ′′X ′′∗ ⊆ A′′ and X ′′∗X ′′ ⊆ B′′ because the multiplication of L′′ is separately
w∗-continuous and the involution of L′′ is w∗-continuous. The rest follows directly
because the Hilbert module operations ofX ′′ are defined in terms of theW ∗-algebra
structure of L′′. 
The reader should note thatX ′′ is usually not an A′′-B′′-equivalence bimodule in
the C∗-sense because the images of the inner products on X ′′ might be not linearly
norm dense in A′′ or B′′ (only w∗-dense).
Proposition C.2. Let A and B be C∗-algebras and X an A-B-equivalence bimod-
ule. Given a nondegenerate representation π : B → L(H), write π′′ : B′′ → L(H)
for its unique w∗-continuous extension, and IndAX π : A → L(X ⊗π H) for the rep-
resentation induced by π through X. Then (IndAX π)
′′ is faithful if and only if π′′ is
faithful.
Proof. This result is certainly well-known, but we could not find it explicitly in the
literature, so we give a proof here. A quick way to prove the statement is to notice
that the induction process of representations via an equivalence bimodule preserves
quasi-equivalence of representations which is, in turn, determined by their central
cover projections, see [32, Section 3.8]. And π′′ is faithful if and only if its central
cover is zero.
A more elementary way to prove the result is as follows: for a ∈ A′′, ξ1, ξ2 ∈ X
and v1, v2 ∈ H , we have
〈ξ1 ⊗ v1 |IndAX(π)′′(a)(ξ2 ⊗ v2)〉 = 〈v1 |π′′(〈ξ1 |a · ξ2〉)v2〉
where a · ξ2 ∈ X ′′ means the left action of A′′ on X ′′. The above equation holds
because it does for a ∈ A and all the operations involved are w∗-continuous. Now,
if IndAX(π)
′′(a) = 0, then 〈ξ1 |a · ξ2〉 = 0 for all ξ1, ξ2 ∈ X from which it follows that
a = 0. The converse (faithfulness of π from IndAX(π)) follows by symmetry since π
can be seen as the induced representation of IndAX(π) through the dual equivalence
bimodule X∗. 
Corollary C.3. Let X be a Hilbert A-module and π : A→ L(H) a nondegenerate
representation. Then the representation πX : X → L(H,X ⊗πH), πX(x)h = x⊗ h,
has a unique w∗-continuous extension π′′X : X
′′ → L(H,X⊗πH) to a representation
of ternary W ∗-rings [35]. Moreover, if π′′ is faithful then so is π′′X .
Proof. We view X , A and the algebra of generalized compact operators of X , B, as
subspaces of the linking algebra L of X . Then LA = X⊕A and the representation
IndLX⊕A π of L induced by π through X ⊕A can be seen as
IndLX⊕A π : L→ L((X ⊕A)⊗π H) ∼= L((X ⊗π H)⊕H),
IndLX⊕A π
(
T x
y˜ a
)
=
(
IndBX π(T ) πX(x)
πX(y)
∗ π(a)
)
.
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Since IndLX⊕A π is nondegenerate, we have a canonical extension
(IndLX⊕A π)
′′ : L′′ → L((X ⊕A)⊗π H).
In the proof of Proposition C.1 we have identified X ′′ with the w∗-closure of X
in L′′. Thus the restriction of (IndLX⊕A π)
′′ to X ′′ is a w∗-continuous extension
of (IndLX⊕A π)|X . The image of (IndLX⊕A π)|X consists entirely of operators of the
form
(
0 y
0 0
)
. Under the identification y =
(
0 y
0 0
)
we may view (IndLX⊕A π)
′′|X′′ as
the unique w∗-extension of πX .
In case π′′ is faithful then so is (IndLX⊕A π)′′, so π′′X is faithful because it is a
restriction of a faithful map. 
Corollary C.4. Let X be a Hilbert A-module. For a bounded net {xi}i∈I ⊆ X ′′
and x ∈ X ′′, the following assertions are equivalent:
(i) {xi}i∈I ⊆ X ′′ w∗-converges to x.
(ii) For every y ∈ X, {〈xi, y〉A′′}i∈I w∗-converges to 〈x, y〉A′′ .
(iii) For every y ∈ X, {〈y, xi〉A′′}i∈I w∗-converges to 〈y, x〉A′′ .
Proof. Let π : A → L(H) be the universal representation and consider π′′X : X ′′ →
L(H,X ⊗π H). On bounded sets the w∗-topology on X ′′ coincides with the weak
operator topology it inherits from L(H,X⊗πH) via π′′X and it is determined by the
functionals of the form X → C, z 7→ 〈y ⊗ k, π′′X(z)h〉 = 〈k, 〈y, z〉A′′h〉 for h, k ∈ H
and y ∈ X . The proof then follows immediately. 
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